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Abstract. We consider families f i— > /t of nondegenerate unimodal 
maps. We study the absolutely continuous invariant probability (SRB) mea- 
sure nt of /t, as a function of t on the sot of CoUet-Eckmann (CE) parameters: 
Upper bounds: Assuming existence of a transversal CE parameter, we find a 
positive measure set of CE parameters A, and, for each to £ A, a set Aq C A of 
polynomially recurrent parameters containing to as a Lcbesgue density point, 
and constants C > 1, F > 4, so that, for every l/2-H61der function A, 

I J Ad^lt - j Ad^ltJ^ < c||A||pi/2|t- tor/^|iog|i-toir, vteAo. 

In addition, for all t 6 Aq, the renormalisation period Pt of ft satisfies Pt < 
PtQ , and there are uniform bounds on the rates of mixing of f^^ for all t with 
Pt = Ptg. If ft{x) = tx(l — x), the set A contains almost all CE parameters. 

Lower bounds: Assuming existence of a transversal mixing Misiurcwicz- 
Thurston parameter to, we find a set of CE parameters A^^j, accumulating at 
io, a constant C > 1, and a C°° function Ag, so that 

Clt-tol"-^^ > \ f Aodfit- f AodfitJ > C-l|t-to|'/^ Vte A'„j,- 



1. Introduction and statement of results 

Let f : X ^ X preserve an ergodic invariant probability measure /i which is 
absolutely continuous with respect to Lebesgue. Then Birkhoff's theorem implies 
that there is a positive Lebesgue measure set of points x for which the time av- 
erages of iterated Dirac masses -^Y^k^o ^f'ix) converge (in the weak-* topology) 
to II. A measure ^ with this last property is also called an SRB measure. All 
SRB measures studied in the present paper are absolutely continuous, but there 
exist SRB measures which are not absolutely continuous, in particular those [45] 
constructed by Sinai, Ruelle, and Bowen for smooth hyperbolic systems such as 
Anosov difFcomorphisms. 

We are interested in difFcrentiable one-parameter families i i— > /t , t G M of diffcr- 
entiable dynamical systems where ft admits a unique SRB measure for a positive 



Date: March 13, 2013. 

We are grateful to Lennart Carlcson for encouraging us to work on this question during a 
semester at Institut Mittag-Leffler (Djursholm, Sweden) in 2010. Warm thanks to Neil Dobbs 
and Mike Todd for explaining their work on discontinuity of the SRB measure for unbounded 
goodness constants and to Gerhard Keller and Carlangelo Liverani for explaining Remark 5 in 
1241 . A large part of this work was accomplished while VB was a member of UMR 8553 of CNRS, 
DMA, ENS, Paris, and during MB's one month visiting professorship there in 2011. DS is grateful 
to the Mathematics Department in Copenhagen for its hospitality in December 2012, when the 
paper was essentially completed. 

1 



2 VIVIANE BALADI, MICHAEL BENEDICKS, AND DANIEL SCHNELLMANN 

measure set of parameters t. In the case where each ft is a smooth transitive Anosov 
diffeomorphism, Ruehe [HllISS] (see also [22]) showed that t H' RA{t) := J Ad^t is 
differentiablc if A is a smooth enough observable, and he obtained a formula (the 
linear response formula) for dtRA{t)- Since can be obtained as a fixed point 
for a Ruelle-Perron-Frobenius transfer operator with a spectral gap, this formula 
can be proved via perturbation theory on a suitable Banach space. This result led 
to the hope that linear response would hold in other dynamical situations where 
the SRB measure is related to a transfer operator with good spectral properties 
[5^ 1331 13S]. This hope was shattered when it was discovered (0 [5], see also [55]) 
that linear response does not always hold in the simple situation of unimodal piece- 
wise expanding interval maps. (Contrarily to Anosov maps, piecewise expanding 
maps are not structurally stable.) More precisely, t ^ RA{t) is differentiablc at 
< = if and only ([S] Thm 7.1] see also the remarks after Theorem 11.71 below) if 
the family ft is horizontal, that is, tangent to the topological class of /o at t = 0. 
Horizontality is an explicit codimcnsion-onc condition on the vector field dtft |11) . 
In the transversal (non- horizontal) case. Theorem 7.1 of [9] (see also corrigendum) 
shows that the \t\og \ t\\ modulus of continuity which had been discovered long be- 
fore by Keller |23| is in fact optimal. (See also the discussion about parameters just 
after Theorem (TTl) 

Piecewise expanding maps can be viewed as a toy model for the more difhcult 
case of smooth unimodal maps: While all unimodal piecewise expanding maps 
admit a unique absolutely continuous invariant probability measure, this does not 
hold in the smooth case, where vanishing of the derivative at the critical point 
means that liypcrbolicity is not guaranteed (and occurs at best nonuniformly) . 
The celebrated Collct-Eckmann condition (see ^ below) implies existence of a 
(unique) absolutely continuous invariant probability measure for smooth unimodal 
maps, with exponential decay of correlations in the mixing case. Indeed, one can 
then construct the SRB measure as a fixed point of a transfer operator, via a suitable 
tower construction (there arc several such constructions; see, e.g., [44], [25], |13j). 
A generic family of smooth unimodal maps ft is transversal (or non- horizontal; see 
(lU below for a definition of transversality and [41] , [3] , [26] , [12] , [19] for previous 
occurrences in the literature). In a transversal family, the set of Collet-Eckmann 
parameters has positive measure, but does not contain any intervals. One natural 
question for families of smooth unimodal maps is then to study the regularity of 
t n- RA{t), restricting t to subsets of the Collet-Eckmann parameters. We consider 
only the nondcgcneratc case, where //(c) = and /"(c) < at the critical point c. 
This includes the famous logistic (or quadratic) family ft = tx{l — x). Continuity 
of i ^ RA{t) was proved on a subset of "good" Collet-Eckmann parameters t by 
Tsujii 32] and Rychlik-Sorcts [38] in the 90's. Parameters in this subset enjoy not 
only qualitative slow recurrence ensuring the Collet-Eckmann property, but also 
quantitative control on the various relevant constants. (See Definition 12.21 for the 
notion of goodness used in the present paper.) 

Quantified goodness is indeed necessary to ensure continuity, as we explain next: 
A parameter t is called superstable if the critical point is periodic. For the quadratic 
family, e.g., Thunberg proved [iQl Theorem C] that there are superstable parameters 
Sn of periods p„, with s„ — ^ t, where t is a good Collet-Eckmann parameter, so 
that i/g^ — > I', where i^s^ = ^X]fe=o^'^/'= (c)' ^-^^ i' is the sum of atoms on a 
repelling periodic orbit of ft- Other sequences i„ — > i of superstable parameters 
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have the property that vt^ — > ^^t^ the absolutely continuous invariant measure 
of ft- Dobbs and Todd [17] have pointed out to us that it is not very difficult 
to construct, starting from Thunbcrg's result, sequences of renormalisable CoUet- 
Eckmann maps (with nonuniform "goodness," in the terminology introduced below) 
converging to a Collet-Eckmann map, but such that the SRB measures do not 
converge. Dobbs and Todd jl7| have recently generalised this result, finding non- 
renormalisable Collet-Eckmann maps /t;^ (with nonuniform "goodness" ) converging 
to a Collet-Eckmann map ft, but such that the SRB measures do not converge. 
Such counter-examples can be constructed while requiring that ft and all maps /t^ 
are Misiurewicz-Thurston. (Misiurewicz-Thurston maps are the smooth unimodal 
maps enjoying the most expansion, see below ^ for a definition.) These examples 
show that continuity of Ra (t) cannot hold on the set of all Collet-Eckmann (or even 
Misiurewicz-Thurston) parameters: Some uniformity in the constants is needed. 

Existence of the SRB measure holds under conditions much weaker than Collet- 
Eckmann (see [30j and references therein). Continuity of the SRB measure can 
be studied on suitable sets of "good" parameters enjoying this weaker property. 
(We would like also to draw attention to the exciting new approach of Shen [33] 
to stochastic stability.) Our aim here however is to study moduli of continuity of 
t 1—^ RA(t) for families of smooth unimodal maps — in order to go beyond mere 
continuity, it seems wise (and perhaps necessary) to restrict to subsets of good 
Collet-Eckmann parameters. 

Until the present work, the only results going beyond continuity concerned fully 
horizontal families, that is, when all /( are topologically conjugated to /q. Even in 
this "trivial" setting, where linear response can indeed be obtained ([in]j[3S|j [Il])j 
proofs were technically involved, in particular in |12| . where analyticity was not 
assumed and the slow recurrence assumption was relatively weak. 

We address here for the first time the modulus of continuity of the SRB measures 
in transversal families of (nondegenerate) smooth unimodal maps. We conjectured 
([3 (3) in §3.2], making more precise [5] Conj. B]) that for observables A the 
function RA{t) is jy-Holder for all 77 < 1/2. Our first main result, Theorem ll.21 gives 
a strengthening of this conjecture: We show there is a set A of Collet-Eckmann 
parameters, with A of positive measure, and, for each io € A, a set Aq C A of 
polynomially recurrent parameters containing to as a Lebcsgue density point, and 
constants C > 1, F > 4, so that, for every l/2-H61dcr function A, 



This immediately implies a more precise result in the analytic case (Corollarv ll.6p . 
In particular, for the logistic family ft{x) = tx(l — x), the set A contains almost 
all Collet-Eckmann parameters. 

Our proof implies that the renormalisation period Pt is < Pt^ for t G Aq, as well 
as uniform bounds on the exponential mixing for the ergodic components of for 
i e Ao so that Pt = (Theorem (OJ) . 

We expected Conjecture B of [5] to be "essentially optimal." Making this more 
precise, we asked in |12| whether one can "construct a (non-horizontal) smooth 
family ft of quadratic unimodal maps, with /o a good map, so that t — >■ fit, as a 
distribution of any order, is not differentiable (even in the sense of Whitney, at least 
for large subsets) a,t t = 0[, or] so that it is not Holder for any exponent > 1/2." 
Our second main result, Theorem 1 1.7| answers this question positively: Assuming 




Adfit„ <C\\A\\ci/2\t~to\'^^\log\t~tof , VteAo. 
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that the family is transversal at a mixing Misiurewicz-Thurston map ftg, we find 
a set of Collet-Eckmann parameters A^^j^, accumulating at to, a constant C > 1, 
and a C°° function Aq, so that 



We would like to point out that, in the piecewise expanding setting, the first coun- 
terexamples to differentiability of the SRB (see [6], [28]) had been obtained for 
sequences of maps having pre-periodic critical points converging to a map ftg with 
a pre-periodic critical point. They were only later generalised to essentially all ftg 
[9], and (except when the postcritical orbit of ft„ is dense) any t — !• to- 

Our results lead to several challenging questions for families of smooth unimodal 
maps, in particular regarding the size of the largest possible set A^^^", and what 
can be done if the Misiurewicz-Thurston assumption on ftg is relaxed. (See the 
comments after the statements of Theorems 11.21 and 11.71 and Corollary 11.61 below . ) 
We would like to note here a quantitative difference with respect to the piecewise 
expanding case [9] where the modulus of continuity in the transversal case was 
I log |t — tolll^ ~ ^o|: so that violation of linear response arose from the logarithmic 
factor alone. 

More open questions are listed in [7] and [12]. In particular, the results in the 
present paper also give hope that analogous problems (see [7] and [37]) can be 
studied for (the two-dimensional) Henon family, which is transversal, and where 
continuity of the SRB measure in the sense of Whitney in the weak-* topology was 
proved by Alves et al. [2], [1]. 

We would like also to suggest here a weakening of the linear response problem: 
Consider a one-parameter family ft of (say, smooth unimodal maps) through ft„ 
and, for each e > 0, a random perturbation of ft with unique invariant measure 
e.g., like in [39]. Then for each positive e, it should not be very difficult to 
see that the map < — > /ij is differentiable at to (for essentially any topology in 
the image). Can we say something (existence? dependence on the perturbation? 
relation with the susceptibility function or some of its "extensions" [3?) about the 
limit as e — ?► of this derivative? (For a weak topology in the image, like Radon 
measures, or distributions of positive order.) 

Before sketching the contents of the paper, we would like to highlight here some 
of the difficulties we had to face, and what are the new ideas and techniques with 
respect to the construction in [12]: We wish to compare the SRB measure of fo 
(assume to = 0) to that of ft for suitable small t. Let us start with the similarities 
with |12| : Just like in |12| . we use transfer operators Ct acting on towers, with a 
projection Ilf from the tower to L-^{I) so that Ilt^f = CtUt, where Ct is the usual 
transfer operator, and Ilt(t>t = i't with nt = 4>t dx (here, (pt is the fixed point of £t, 
and (pt is the invariant density of ft). In |12| . we adapted the tower construction 
in [13j . allowing in particular the use of Banach spaces of continuous functions. 
We start from this adaptation. Another idea we import from [12] is the use of 
truncated operators Ct^M acting on truncated towers, where the truncation level 
M must be chosen carefully depending on t. Roughly speaking, the idea is that 
ft is comparable to /o for M iterates (corresponding to the M lowest levels of the 
respective towers), this is the notion of an admissible pair (M, t). Denoting by 4>t.M 
the maximal eigenvector of Ct^M, the starting point for both our upper and lower 
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bounds is (like in [12]) the decomposition (see (|88l)) 

0t - (/)o = [n* (0t - 4>tM) +'noi4>o,M - 4>o)] + [Titi4>t,M - 4>om)] + [(n* - no)(0o,M)] , 

for admissible pairs. The idea is then to get upper bounds on the first two terms by 
using perturbation theory a la Keller-Liverani [24] . and to control the last (dom- 
inant) term by explicit computations on lit — 11 (which represents the "spike dis- 
placement," i.e., the effect of the replacement of 1/ \/\x — /q (c)| by 1/ \/\x — ftic)\ 
in the invariant density). 

We now move to the differences: Using a tower with exponentially decaying 
levels as in [13] or [12] would limit us at best to an upper modulus of continuity 
for rj < 1/2, and would not yield any lower bound. For this reason, we use instead 
tower levels with polynomially decaying sizes, working with polynomially recurrent 
maps ("fat towers"). In order to construct the corresponding parameter set, we 
need to make use of very recent results of Gao and Shen |19| . 

It turns out that applying directly the results of Keller-Liverani |24| would only 
give that the contributions of the first and second terms of ([1} are bounded by 
1^1'' for rj < 1/2. In order to estimate the second term, we prove that £t,M — 
i-o,M acting on the maximal eigenvector \s 0{ \ log |i||^|i|^''^) in the strong norm (see 
Lemma 14.51 which is used in Proposition 14. Ij in the Misiurewicz-Thurston case we 
get get a better 0(|t|^/^) control). It is usually not possible to obtain strong norm 
bounds when bifurcations are present [lH [24] (see [18] for an exception) , and this 
remarkable feature here is due to our choice of admissible pairs (combined with the 
fact that the towers for ft and / are identical up to level M, just like in [12], see 
Lemma 13. 8p . In order to estimate the first term, we enhance the Keller-Liverani 
argument (Proposition l4.2| ). using again that it suffices to estimate the perturbation 
for the operators acting on the maximal eigenvector. 

The changes just described are already needed to obtain the exponent 1/2 in 
Theorem 11.21 In order to get lower bounds of Theorem 11.71 we use that the tower 
associated to a Misiurewicz-Thurston map fo can be required to have levels with 
sizes bounded from below, and that the truncation level can be chosen to be slightly 
larger (2M instead of M). The final change, that we explain next, is also only 
needed to obtain the lower bound in Theorem 11.71 Working with Banach norms 
based on as in [T^] would give that the first two terms in ([T]) are < C|t|^/^, 
while the third is > C-'^\t\^/'^ for some large constant C > 1. In other words, the 
estimates are too tight. However, introducing Banach- Sobolev norms based on 
for p > \ instead, we are able to control the constants and make sure that the third 
term dominates the other two, as needed (see Section [5]). 

The paper is organised as follows: In the remainder of this section, we furnish 
precise definitions, as well as formal statements of our main results. In Section [O] 
we construct the good parameter sets Aq C A (Proposition [23J, and we define the 
corresponding (polynomially recurrent) good maps. In Section 12. 2[ we construct 
the tower, and we collect the needed expansion and distortion bounds. Section [2.31 
contains Definition 12.71 of admissible pairs {M,t). In Section lO] we introduce the 

strong and weak Banach norms (i3^^ , , B^'') on the tower, define the transfer 
operator Ct associated to ft and acting on these spaces, and list its main spectral 
properties. In Section 13.21 we introduce the truncated transfer operators Ct,M 
which play a key role in our analysis. Section [3731 contains the construction of the 
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parameter set Aa/t and a brief description of the modifications which can be used to 
take advantage of the Misiurewicz-Thurston setting. Then, we prove Theorem 11.21 
in Section 2] and Theorem 11.71 in Section [5] The two appendices contain necessary 
but straightforward adaptations of bounds in [12] . 

1.1. Setting. 

Definition 1.1. The smooth one-parameter families of smooth nondegenerate uni- 
modal maps ft studied in the present paper are defined as follows: Let / = [0, 1], 
and fix c in the interior of /. We consider maps t^ ft, from a nontrivial closed 
interval 5 of R to endomorphisms ft of /. We assume that each ft is a uni- 
modal map with negative Schwarzian derivative and critical point c (independent 
on t), and that the C* norm of ft is bounded uniformly in t. We suppose further 
that /"(c) < (this is the nondegeneracy, or quadratic-like property), and that 
/t(0) = /t(l) = 0. Put Ck,t = ftHc). for fc > 0, and set 

Vt = dsfs\s=t ■ 

The function vt ■ I M. is (with a bound on the norm independent on t) by 
assumption. Finally, we assume that there exist uniformly functions : / — )■ M 
so that 

Vt=Xtoft. 

The archetypal example is the logistic family 

(2) ftix)^tx{l~x), teSciOA], 

where c = 1/2, and Xt{x) = 1/t. The map f^ (for which ci_4 = /4(c) = 1 and 
/4(c2,4) = C2,4 = 0) is called the Ulam-von Neumann map. 

A map ft (or the corresponding parameter t) is called (Ac, Hq) - CoUet-Eckmann 
for some Ac > 1 and Hq > 1 (or simply CoUet-Eckmann, if the meaning is clear) if 

(3) |(//=)'(ci,OI >A^ yk>Ho. 

Recall |16| that any Collet-Eckmann unimodal map ft admits a unique absolutely 
continuous invariant probability measure fit = i't dx, also called the SRB measure. 
This measure is ergodic and supported inside [c2.t,ci_t]. A map ft (or the corre- 
sponding parameter t) is called mixing if ft is topologically mixing on [c2,t,ci_t]. 
The support of the SRB measure fit of a mixing map is equal to [c2,t,ci_t]. A uni- 
modal map ft is renormalisable if there exists an interval neighbourhood TZc,t of c so 
that the first return map to this interval is again a unimodal map, and the smallest 
return time Pt is at least two. The largest such Pt is called the renormalisation 
period. The map ft is mixing if and only if ft is not renormalisable — we say that 
the renormalisation period Pt of ft is equal to 1 in this case. 

The family /( is called transversal at a CoUct-Eckmann parameter ii, if ti lies 
in the interior of f , and 

,A\ n- . dtftiCj^ti)\t=ti ^ „ 

Slightly abusing language, we say that i is a transversal Collet-Eckmann parameter 
if t is a Collet-Eckmann parameter in the interior of £ and (jlj holds. 



WHITNEY-HOLDER CONTINUITY OF THE SRB MEASURE 



7 



1.2. Whitney Holder regularity for smooth families of nondegenerate 
smooth unimodal maps. Our first result settles the upper bound conjecture 
in [5J Conj. B] (sec also [3 §3.2]). 

Theorem 1.2 (Whitncy-Holdcr regularity for transversal families). Let ft be a 

smooth one-parameter family of smooth nondegenerate unimodal maps. If there ex- 
ists a transversal Collet-Eckmann parameter ti, then there exists a positive Lebesgue 
measure set A G £ of Collet-Eckmann parameters such that for all to € A. and all 
r > 4 there is a set Aq C A, which has to as a Lebesgue density point, and a 
constant C such that for every t G Aq and each I /2-Holder function A, we have 

A{x)diJt- I A{x)diJto <C\t-to\^/^\log\t-tof\\A\\ci/2, 
where 

\\A\\cU2 = \\AU^+snv ^y-^f . 

x^y \x y\ 

Restricting to functions A (or functions of higher smoothness) should not 
improve the upper bound (see (|93p V 

As a byproduct of our proof, we obtain the following result : 

Theorem 1.3 (Uniform bounds on renormalisation periods and rates of mixing). 
In the setting of Theorem \1.2l the renormalisation period Pt of ft is not larger than 
Pta for all t G Aq. In addition, for any any C > there exists Qi > 1 so that for all 
t e Aq for which Pt = Pt„, each ergodic component fij^t, J = 1, ■ • ■ Pt, of {ft* ■, f-t), 
and all C"» functions and ip, there exists C^_.,p so that 



(ipo f^ ')iljdnj^t- J y^dfij^t J ipdnj^t < C'^/V'©! 

(Theorem 11.31 is an immediate corollary of the last claim of Proposition |33]) 
We next discuss the sets A and Aq. 

A map ft is called polynomially recurrent of exponent a > 0, if there is Ho > 1 
so that 

(5) \ckj~c\>k~°', forallfc>i7o. 

A map ft is called polynomially recurrent of exponent if there is C > 1 so that 
\ck.t ^ c| > 1/C for all fc > 1. A map ft, or a parameter t, is called Misiurewicz- 
Thurston if the critical point of ft is pre-periodic, but not periodic (the postcritical 
periodic orbit is then necessarily a strictly expanding orbit). Misiurewicz-Thurston 
maps arc Collet-Eckmann and polynomially recurrent of exponent 0. Misiurewicz- 
Thurston maps are not generic. 

All parameters in the set A constructed in Theorem 11.21 are polynomially re- 
current for some exponent a > 1. Understanding the largest possible sets A and 
Aq for which Theorem \1.2\ holds, and whether the logarithmic factor can be sup- 
pressed is a challenging question. We conjecture that Theorem 11.21 holds for A 
the set of all "sufficiently slowly recurrent" parameters, where sufficiently slowly 
recurrent should include polynomial recurrence of exponent a = (the so-called 
Misiurewicz case). See CoroUarv 11.61 for analytic families (where A contains al- 
most all Collet-Eckmann parameters), and the upper bound in Theorem 11.71 when 
to is Misiurewicz-Thurston (without the Lebesgue density point property for the 
analogue of Aq). 
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Remark 1.4. If the transversality condition (|4]) holds for ahuost ah Collet-Eckmann 
parameters ti £ £, then the set A in Theorem 11.21 can be taken equal to the set 
of Collct-Eckmann parameters. This follows from Proposition 12. II For example, a 
non-trivial analytic family of nondegcnerate unimodal maps has this property, in 
particular this holds for the logistic family /t(x) ~ tx{l — x). (See Section [TT3l ) 

Remark 1.5 (Mixing). In [121 Beginning of §5.2] it is claimed incorrectly that 1 
is always the only eigenvalue of the transfer operator on the unit circle. Since we 
did not assume mixing in |12| . there could be in fact finitely many other simple 
eigenvalues of modulus one in general (they are roots of unity — see the proof 
of Proposition 13.61 in Appendix |B] below and the reference [H] to Karlin there) . 
So, when constructing the contour integrals in [12j (112), Step 1 in §6], we should 
avoid not only a neighbourhood of the disc of radius dt there (see also (f73|) ). but 
also neighbourhoods of these other eigenvalues of modulus 1 (see the circle 7 in 
the proofs of Propositions 13.71 and 14.11 below) . Note also that exponential decay of 
correlations is not needed (up to replacing £" by k^^ J2n=o^^ ^^^^ proof of the 
last claim of [HI Proposition 4.11], see (|142p '). 

Note finally that we cannot apply the exactness argument from [13l Corollary 2] 
to show that 1 is a simple eigenvalue for a nonnegative eigenvector of the transfer 
operator (contrarily to what was stated in the proof of Proposition 4.11 of jH]), 
because the transfer operator Ct is associated to a probabilistic and not a deter- 
ministic tower map. However, we may apply classical results on positive operators 
[21] (details are given in Appendix [B] below) . 

1.3. A stronger result in the analytic case. In the case of the logistic family 
ft{x) = tx{l — x), t £ (0,4], Benedicks and Carleson [TS] showed that the set of 
parameters t for which ft is Collet-Eckmann has positive Lebesgue measure. A 
parameter t is called regular if the critical point c of ft belongs to the basin of 
a hyperbolic periodic attractor. The parameter t is called stochastic if ft has an 
absolutely continuous invariant measure. By Lyubich [27], Lebesgue almost every 
parameter is either regular or stochastic. Avila and Moreira [5] proved that for 
almost every stochastic parameter t, the map ft is Collet-Eckmann. Further, in 
[3] and |3] the results in and |S] are extended to non-trivial analytic families of 
nondegcnerate unimodal maps. [Analytic means that each ft is analytic and 1 1-^ ft 
is analytic, non-trivial means that the family is not contained in a topological 
class.) Since every Collet-Eckmann parameter ti of a non-trivial analytic family 
of nondegcnerate maps ft is transversal (see [IS]), Theorem II. 2 [ Theorem 11.31 and 
Remark 11.41 give the following result. 

Corollary 1.6 (Application to analytic families of nondegcnerate maps). Let ft, 

be a non-trivial analytic family of nondegcnerate (analytic) unimodal maps. For 
almost every Collet-Eckmann parameter to £ £ and allT > 4 there is a set Aq C £ 
of Collet-Eckmann parameters which has tg as a Lebesgue density point and a 
constant C such that, for all t £ Aq and A £ C^^^([0, 1]), 

A{x)d^xt~ [ A{x)dtit„ <C\t^to\^/^\\og\t-to\f\\A\\ci/2. 
I J I 

In addition, the renormalisation period Pt of ft is not larger than Pt„ for all t £ 
Aq, and for any C > there exists 0i > 1 so that for all t £ Aq for which Pt = Ptg, 
each ergodic component fij^t, j — ^, ■ ■ ■ ,Pt, of {ff, fit) and all C^ functions ip, (p 
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there exists C^.^p so that 



Again, understanding the largest possible set of parameters to and Aq for which 
Corollarv \1.6] holds, and whether the logarithmic factor can be suppressed is a chal- 
lenging question. Wc conjecture that Corollary 11.61 holds for all CoUet-Eckmann 
parameters to with "sufficiently slow" recurrence. 

1.4. Holder upper and lower bounds for Misiurewicz Thurston parame- 
ters. Our second main result addresses the lower bound in Conjecture B in [6] (see 
also §3.2]). 

Theorem 1.7 (Holder upper and lower bounds). Let ft be a smooth one-parameter 
family of smooth unimodal maps. Let to be a mixing transversal Misiurewicz- 
Thurston parameter. Then there exist an observable A G C°° , a constant C > 1, 
and a sequence of Collet-Eckmann parameters n > 1, with t(^n) ^ to 

n — > cxj, such that 

\lM^^<y^Aix)d^lt^^^- J^Aix)d^lto\<c\t^„)^to\'/\ Vn>i. 

The mixing assumption is for simplicity (the proof shows that it suffices to 
suppose that the deepest renormalisation of — the finitely renormalisable map - 
ftg is not conjugated to the Ulam-von Neumann map). 

The proof of Theorem 1 1 . 71 produces a set Amt of parameters t(„) which are also 
Misiurewicz-Thurston (see Lemma and its proof), and either all > to or all < to 
(see Remark l3.10p . Using continuity of the absolutely continuous invariant measures 
in the sense of Whitney (see the works of Tsujii [42] and Rychlik-Sorets [38] , or 
more recently Alves et al. [2], [D), we can then easily construct sequences of Collet- 
Eckmann parameters which are not Misiurewicz-Thurston, and for which the 
lower bound in Theorem 11.71 hold. However, we do not know if to is a Lebesgue 
density point of the set of all such t(„). Understanding the set of sequences for 
which Theorem \1.7\ holds is a challenging question. In fact, the toy model analogue 
of this question is also open (see (9] Theorem 7.1] and its corrigendum, even in the 
case of a pre-periodic critical point). 

Last, but not least, the lower bounds in the piecewise expanding toy model of [HI 
Theorem 7.1] had been first obtained only in the case when the critical point is pre- 
periodic Theorem 6.1]. We conjecture that the conclusion ([S]) of Theorem \1.7\ 
should also hold when to enjoys a more generic slow recurrence condition (such as 
polynomial recurrence) , perhaps up to introducing a power of \ log — toll in both 
sides of (inj). 

2. Preliminaries - Towers - Transfer operators 

In Section we show that transversality at a Collet-Eckmann parameter en- 
sures that polynomial recurrence holds for uniform constants Ac > 1, a > 1, Ho > 1, 
for a positive measure set of parameters t, with Collet-Eckmann parameters as 
Lebesgue density points. In Section 12.21 we adapt the tower map construction in 
|12j to our polynomially recurrent setting. Section 12.31 contains Lemma 12.61 giving 
estimates on iterated unimodal maps for all fs close enough to a good parameter 
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ft and all iterates not too big compared with |t — s|, as well as the definition of 
admissible pairs {M, t) . 

2.1. Uniformity of constants. 

Proposition 2.1 (Parameter set of good maps with uniform constants). Assume 
that ti G £ is a transversal Collet-Eckmann parameter. Then, there exists a set 
A G £ of transversal Collet-Eckmann parameters, for which ti is a Lehesgue density 
point^ (in particular, A has positive Lehesgue measure), so that for all to G A and 
all a > 1 there exist Hq > 1 and a set Aq C A containing tg as a Lehesgue density 
point such that, for all t S Aq, the map ft is {Xc, Ho)-Collet-Eckmann and the 
polynomial recurrence condition ([5]) of exponent a holds for all k > Hq . 

Furthermore, for each to g A, there exist constants p > 1 (we may assume 
p < y/Xc) o.iT'd Co > such that, for all S > sufficiently small, there is a constant 
e{S) > such that, for all t e {to - e{S),to + e((5)), 

(7) K/D'WI > Co<5p" ,Vx- so that \fi{x) - c| > 5 , VO < j < n , 

and 

(8) 

\{ft)'{x)\ > Cop"- ,Vx so that \f^{x) - c| > (5 ,V0 < j < 71 , and \fl\x) - c\ < 6 . 

The following definition summarises the properties of parameters in the positive 
measure set Aq constructed in the previous proposition: 

Definition 2.2 (Good maps). A map ft (or the corresponding parameter t) is 
called good for the constants 

Ac>l,i^o>l,a>0,p>l,Co>0, 

(called its "goodness constants", or simply "goodness") if ft is (Ac, i?o)-Collet- 
Eckmann ([3]), if it satisfies the polynomial recurrence condition ([5]) for a and Hq 
(when a = we require that \ck,t ~ c\ > Co, for all k > 1), and if the expansion 
conditions ([7]) and ([5]) hold for p, Co, and any small 6 > 0. 

Proof of Proposition \2.1i We apply a recent work by Gao and Shen |19| . Since 
the map ft^ is Collct-Eckmann, all periodic orbits arc repelling. Since ft^ is also 
transversal, we can apply [191 Main Theorem] which implies that there exists a set 
£i for which ti is a Lebcsgue density point such that, for all parameters t S fi, 
the map ft satisfies the polynomial recurrence condition ([5]) for any a > 1, /t is 
transversal at t, and ft is Collet-Eckmann. For j,H,£> 1, set 

^j.H,e = {te£i\ \ck,t -c\> and \{fh'ici,t)\ > e''" . Vfc > if} . 

For a set f2, let 51^ C denote the set of Lebcsgue density points within 51. We 
set A ~ nj>i(U^>i U_f/>i ^^,H,i)- By Lebesgue's density theorem, A is equal to the 
set £\ up to some zero Lebesgue measure set. Now, by construction, for all to G ^ 
and all a > 1, choosing jo > such that (1 + Jq"^) < a we find Hq > 1 and £o > I 
such that tn € fl^ rr I . Setting Ao = „ » n A this concludes the first part of 
the proof of Proposition 12. II 

Regarding the second part wc will apply a lemma by Tsujii (41| . The conditions 
(ND), (CE)(i), (Hyp), (W), and (NV) in [41] are satisfied for The only point 



-'^We do not claim that t\ £ A. 
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we have to check is the "backward Collet-Eckmann condition" (CE)(ii), i.e., the 
existence of constants C > and p > 1 such that 

> C/5^ iffc>land/,';(&) = c. 

Since ftg is Collet-Eckmann, unimodal, and has negative Schwarzian derivative, 
[29l Theorem A] guarantees that the backward Collet-Eckmann condition holds. 
By im Lemma 5.1 (2)], there exist p > 1, Sq > 0, and Cq > such that, for all 
0<5 <So, there is e{S) > such that © and dH) hold, for all ft with \t-to\ < e(S). 
(The fact that the constant in front of p" in ([7]) depends linearly on S follows from 
the last line in the proof of [HI Lemma 5.1].) □ 

2.2. The tower map for good /( — Distortion estimates. Assume that ft 
is good (recall Definition 12. 2p for A^, a > 1, Hq, p, and Cq. (The case when ft is 
Misiurewicz-Thurston with a = is treated in Section [231) Let S > he small, 
to be determined later as a function essentially of the goodness parameters and 
of the norm of i /t (see, e.g., condition pT|). condition just above ([T2|) . 
inequality ([38)l in Lemma 12.61 and Proposition 12.41 in which S is so small such 
that (|133p is satisfied; in ([TT|) and in (|133p . S depends on L, which is chosen in 
Lemma 13.81 via Lemma 12.61 again) . 

We introduce a tower map ft : It ^ It similar to the one constructed in [T2J 
Section 3] (sec also (13). The tower in the present paper is "fatter" since our poly- 
nomial recurrence assumption allows us to choose the size of the levels polynomially 
small, instead of exponentially small. (To get the lower bound of Theorem 1 1.71 we 
shall later use levels of constant size, under a Misiurewicz-Thurston assumption.) 
Fix a constant 

(9) (3>a + l. 

The tower It associated to ft is the union It = Uk>oEk,t of levels E^^t ~ Bk,t x {k} 
satisfying the following properties: The ground floor interval _Bo,t = Bq is the 
interval /. Fix a constant L > 1 (the value of L will be chosen in Lemma [378| . For 
k > I, the interval t is centered at Ck.t said such that 



(10) 



Ck.t - ^.cu,t + ^ 



C Bk.t C 



k~f k-P 
Ck.t j—,Ck,t H — J— 



(Observe that since P > a and L > 1, we have c ^ Bk.t for all k > Ho.) Note that for 
given Ac > 1 and Hq > 1, there exists a constant C > 1 such that inli<^k<Ho \ck.t ~ 
c\ > 2C~^, for all (Ac, -ffo)-Collct"Eckmann maps ft, t € £. (This follows directly 
from supjgg l/t"(c)| < oo combined with the expansion ([21).) Henceforth, (for given 
Ac > 1 and Hq > 1) we assume that (5 > is so small that for all x with |a; — c| < S 
and all (Ac, -ffo)-Collct~Eckmann maps ft, t £ £, we have 

(11) \fi{x)-c\>C~\ foralll<j<Fo. 

For {x, k) € Ek^t we set 

r {ft{x),k + 1) if fc > 1 and ft{x) G Bk+i,t , 
ft{x, k) = \ {ft{x),k + 1) if /c = and |a; - c| < (5 , 
[ (/t (cc) , 0) otherwise. 

Denoting n : It ^ I the projection to the first factor, we have /t o tt = ° ft 
on It- Define H{6) to be the minimal fc > 1 such that there exist some x G 
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[c—6,c + 6] such that f^^^{x, 0) G i?o- (In other words if a point starts to chmb the 
tower, it chmbs the tower at least until level H{5).) For fixed goodness parameters 
(Ac, Hq, a, p, Co), fixed /3 > 1 + a, and fixed L, observe that for each > 1, we can 
choose (5 > so small such that H{5) > H for all good maps and their corresponding 
towers with these fixed parameters. (This follows immediately from the fact that 
suptgg ||/t||ci < and \Bk.t\ > 2k~^ /L^.) We assume throughout that (5 > is 
so small that H{S) > max(2, Hq). 

We decompose [c — 6,c+ S] \ {0} as a disjoint union of intervals 

[c-S,c + 5]\{Q} = U^>Hi5) Ijj , ht := U , 

(12) /± [\x\ < S,±x > OJl{x,0) G Ee.uO < £ < jj^ix,0) e Eo} . 

In other words, Ij^t is the set of points which climb up the tower j — I levels and 
fall back to the level Eq at the j-th iteration. Note that Ij^t can be empty for some 
j. (In particular Ij^t = for 1 < j < H{S).) For k > 0, let Jk,t denote the set of 
points in [c — i5, c + 6] which climb up the tower at least k levels, i.e., 

(13) Jk,t:={c}U U Ij,f 

j>k+i 

Obviously, we have Jk^t = [c—S, c+S], for all < /c < H{S). Later, when considering 
a fixed good map /o, we will write Bk, Ik and Jk for Bkfi, Ik,o and Jk.o, respectively. 

The following lemma is the adaptation of the distortion estimates from [121 
Lemma 3.3] (which was an avatar of [13|, [431 Lemma 5.3(1)]) to our fat towers: 

Lemma 2.3 (Bounded distortion in the bound period). Let ft, t E £ , be good and 
assume that condition (jlip is satisfied. Then, there exists C > 1 depending only on 
the goodness constants (Xc, HQ,a), and on [3 (in particular C does not depend on 
L), such that for every j > I, and every k < j, 

Proof. Recall the intervals Bi^t from (jlOp . For 1 < i < k < j, pick Xi and yi in 
ft{Jj.t) C Bgj. Observe that there exists a constant C such that \ f[{y)\ > \y—c\/C, 
for all y E I and t E £. We have 

oo 

(15) <n(i + c'sup|/nr^+")<oo, 

£=1 

uniformly in j. We used that \xe — ye\ < L^^i^^ and, if ^ > Hq, that \yg — c\ > 
- L-^£-P > ^-"/2. Ml<i< Ho, we used condition pT|). 
The series is summable since (3 > a + 1. Choosing y^ ~ f^^^iu) and xt = 

f^~^{x), we get the upper bound in ([T5|) . Taking ye — f^~^{x) and xi = f^~'^{y), 
we obtain the lower bound in ((TS|) . Observe that while the last product in 
blows up when /3 tends to 1 + a, it docs not depend on the constant L. □ 

The following key estimate is our polynomial version of [T^ Proposition 3.7] (the 
proof is to be found in Appendix \^ : 
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Proposition 2.4 (Key estimate for polynomially recurrent maps). Let ft be good 
and assume that condition is satisfied. If 5 > Q is sufficiently small (see ()133p ). 
then there exists C > depending only on the goodness constants {Xc, HQ,a, p,Co), 
on P, and on 6, such that for every j > we have 



(16) 



OO 



1 



<Cf 



Our proof gives a constant C wliicli blows up wlien 5 — > 0, and it requires smaller 
(5 if i is large, but considering a fixed map ftg as in Theorems 11.21 and 11.71 both 
parameters may be chosen once and for all, depending on the goodness parameters 
of fto and the norm oit^ft- 

The following notation will be convenient: For fc > 1, let 

/f7+ {ft\Ut,+ )~^ , fu- '■= ift\Ut,-)~^ : 

where Ut.+ is the monotonicity interval of containing c located to the right of c, 
and Ut,- is the monotonicity interval of f^ containing c, located to the left of c. 

The following polynomial version of the upper and lower bounds in [121 Lemma 
3.4 and Lemma 4.1]), about points which climb for exactly j — 1 steps, recall ([T^ . 
will be needed: 

Lemma 2.5 (The j-bound intervals I^t)- Let ft be good and assume that condition 
pip is satisfied. Then there exists a constant C depending only on the goodness 
constants (Xc, HQ,a) and on /3 (in particular C does not depend on L), such that 
we have 



(17) \x~c\<C\B,^,^t\"\fr^)'{c,,t)\-"^ 
and for all x € Ij_t, j > H{5), we have 

(18) \f[{x)\ > -^-^ — > 



Va- e J,-i,t, j > 1 



c\{fD'{c,,t)V'^- CL^n 



;-/3/2. 



i(/r')'(ci,t)i^/^ ' 



(19) 

> y\n{x)-cMr)'{c,,t)\"^ > ^r^/^i(/r')'(ci,)r/^ 

In addition, there exists a constant C depending on L and on the constant in Propo- 
sition^^ so that for all j > H{S) and x G f-' (Ij.t) we have, for C = + or — , 



(20) 

and, finally, 
(21) 



dl 



1 



< c 



max(l+2Q+/3/2,30/2) 



i(/r')'(ci)|i/2 



!(//)'(/*:/ (^)))i 



< c 



max(4c(+l+,9/2,.5^/2) 



i(/r')'(ci,t)p/^ 



An immediate corollary of pT| is exponential decay of the length of Ij^t and Jj^t- 
More precisely, for any fixed goodness constants and any L, there exists a constant 
C so that for all j > Hq 

(22) < I < cj-^/\frnc,)\-'^' < c'r'/'x-^/' , 

where the second last inequality holds for all j > 2. 
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Proof. To simplify the writing, we remove the t from the notation and write, e.g., 
/, /j, and Jj instead of /t, /j,t, and Jj^t- 

Let X € Jj-i, j > 1- First, our definitions and the mean value theorem imply 
that there exists y E Jj-i so that 

\ip-'yifiymfix)-c^\<\B,.,\/2. 

Therefore, Lemma 12.31 and the fact that |/(a;) — ci| > C~^\x — (recall that 
/'(c) = and /"(c) ^ 0) yield 

Next, the reverse consequence of the mean value theorem 

(23) |(/^-^)'(/(2/))||/(.t) - cil > C-'\r{x) - ck\ > C-'L-^j-P , 

together with |/(a;) — ci| < C|a; — and Lemma [2.31 gives 

where in the last inequality we used that f^{x) ^ Bj. The bound p8|) then follows 
from p4)) . 

To show nil), we decompose |(P)'(x)| = |(./^'"^)'(/(a;))||/'(a;)|, and we apply 
([T5| . noting that Lemma [2.31 implies 

(25) l(/-''"')'(/(^))l>C-'|(/^-i)'(ci)|. 

Note that reversing the inequalities in the arguments above also gives 

(26) \{n)'{x)\ < c^\n{x)~c,Mfr')'{c,,t)\"^ . 

Assume now that C = + (the other case is similar). To prove (|20)) . recall first the 
proof of Lemma 12.31 which implies that there is C > 1 (depending on the goodness 
and, in a weaker way, on /3 and L) so that 

(27) !/'(/■'■ (2/))l > C-ij-" , Vy e Jfc , VI < J < fc. 



Next, Lemma [2731 and Proposition 12.41 give C > so that 

1 ca ^ 

Applying ^ and ^ for j > 1 and (HH) and ^ for j = 0, we find C > so that 

(29) sup dy „ < sup y 'ry/^!^L , . ^ ^^, < . 

^ ^ yei 'l(/')'(2/)l -.ei^t^o l/'(P(y))l - 

Then, (|19p (or its proof) gives 

(30) sup \,, < CL^/^k^^/^- ,,,,, , Vl< m < fc . 

^ ' yd l(/'")'(y)l - l(/"-i)'(ci)|i/2 - - 



Finally, if x e Tih) 



1 1 „ 1 



(31) Q = . Q 

'i(/'=)'(/^'(:^))i lin'iu'm '\imy)\' 

The first factor in pip is bounded by ((511)) for m = k, the second by ([23), so that 
we have proved (PU|). 
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To prove ((2T|) . we start from the decomposition ([31]) . and we deduce from ([29]) 
that for any x £ .f'^{Ik), setting y = f^'^{x), 



fe-i 



l/"(/ny))l 



^^^^ ^ ■§^'Vl(/'=-^)'(P(y))ll/'(/-'"(2/))l 

By (PU)) . the first term in the right hand side is bounded by a constant times 
^max(i+4a+/3/2,5/3/2)|(-jfc-iy(^^)|-i/2^ p^^ ^j^p sccoud term, wc havc, for < j < 

fc-1, 

. \r'{p{v))\ . 1 ^ \r\pm 



Since f is C^, the Leibniz formula gives for < j < fc — 1 , 

1 _g \f"iP{y))\ 



1 1 



< 



|(/^)'(/+'=(x))| \{p-^y{P{ymf'{P{y))\ 



(33) 



\f"{fiymify{y)\ 



|/'(p(y))| \r{pm\ - 



c 

< 



\{p-'YiPiy))\ 



'(\f'(P(y))\ ^ \f'(P(yw) 



\ip-n'{P{y))\^\riPiy))\ ' inP{y))\ 

fc-1 



viz 



\ipyiy)\ t; \riPiy))\ 

If j > Ij we may apply ((27| and ((28)) . so that ([33)) implies 

If J = 0, then p3p together with ([TSl and ([30)) for m = k imply (distinguish between 
^ = and £ > 1) 



\ipyif+''ix))\ "lipyiyWiyy 

- ^ i(/^)CV/^ ^''' ^^^/^K/'^yc^or/^ + ^-^^) . 

The two above inequalities, together with ([32)) and pop for m = fc, give ([2T)) . □ 

2.3. Maps in a neighbourhood of a good map Admissible pairs {M,t). 
We next state some basic facts about the maps fs in a neighbourhood of a good 
map ftg . To simplify the writing, we assume to = and remove the to from the 
notation. We emphasize that the maps fs in the following lemma are not necessarily 
all Collet-Eckmann. (Indeed, for both our main theorems, we shall apply the mean 
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value theorem, B{t) — B{0) = tB'{st), or the fundamental theorem of calculus 
B{t) — B{0) = B'{s) ds, in parameter space. Even if and t are good parameters, 
the parameters st and s G [0,t\ are not all good.) Recall the intervals I^^t and Jk.t 
defined in (IT2]) and (fT3l). 



Lemma 2.6 (Uniformity of goodness and distortion constants for suitable maps 
fs and iterates M). Let f = fo be good for parameters {\c,HQ,a > Co) and 
assume that (jlip is satisfied. Then there exist constants C > 1 and e > ( depending 
only on Hq, a, p, Cq, P, and in particular not on L) so that, for any pair (s, M), 
M >1 and s £ (— e, e) satisfying 

(34) |(/'-^)'(cl)||s|<fc-^ Vl<fc<M, 

the following holds: We have 



(35) C-^ < 



<c, yxef{Jk-i),yi<k<M. 



Furthermore, we have 

(36) |(/^)'(a;)| >C-iL-3/2fc-/3/2|(jfc-iy(^^)|i/2^ Vx G 4 , VI < fc < M , 
and 

(37) |9../'(x)| < C|(/^-i)'(ci)|, Vxe Jfc_i,Vl<fc<Af, 
and, if Jo ^ Q ( recall (|4]) ) then for (5 > sufficiently small we have 

(38) |9s/i^(x)| >C-i|Jo||(/'-')'(ci)|, Vxe Jfe_i,Vi/(J)<fc<Af, 

where s\g\i{dsfs{x) ■ (/''"^)'(ci)) = sign(Jo)- Finally, for 1 < k < I < M - 1, we 
have 

l(/i)'(ci,.)| 

where the constant in (j39p depends in addition also on S. 

Proof. As a preliminary step, note that p4p implies that we can assume, up to 
taking e small enough (depending only on Ac and Hq) that 

(40) \s\< M-f^ . 

Next, for x € Jm-i and s satisfying (p4|). let 



(39) ^l^fTTT^ < ^^fc" , 



i^fc= sup \fHx)~ ft{x)\- 
te[o,s] 

Fix a + 1 < /3o < We claim that 

(41) Dk < k-^° , VI < fc < Af - 1 . 

We show this by induction over k. For e > sufficiently small, (|¥T|) obviously holds 
for all small fc's and arbitrary M. Assume that 1 < fc < A4^ — 1 and that the claim 
holds for fc — 1. Observe that 

k 

(42) dtfHy) = T.(ft''y(ftiy)KdtftKfny)) , Vy e / and t e £ , 

J=l 



^To prove (115) in 1121 one should apply the fundamental theorem of calculus and Fubini 
instead of the mean value theorem, sec l|97|l for a similar computation. 
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and there exists C > 1 so that 

\dtMy)\, \n'{y)l \dtniy)\ <C, Vy e / and t e £. 
Hence, by applying twice the mean value theorem 

< CDk + C\t\ , Vt G [0, s] , 
and we get \f^{f^{x))\ < \f'{fHx))\ + CDk + C\t\. Combined with it follows 



(43) 



< 



k ^ fe-1 



n 1 



Since f+^{JM-i) C B,+i, for i < M - 2, it follows that \P{x) - c| > |/'(ci) - 
c| — /L. By ([5]) and (|TT|) (maybe increase (7 in order to control the small i's), 
we see that \f^{x) — c\> C^^i^", for all i < M ~ 2, and since the critical point is 
nondegenerate, we have |/'(/*(a;))| > C^^\r{x) ~ c| > C~'^i~°'. Together with the 
induction assumption on Di, i < k — 1, and the assumption on s, it follows that for 
all t e [0, s] 

^f,\tf^,: < C'^'^m + A) < C'^'^iM-P + z"^") < 2C'3*-(^-") . 
1/ (/ (a--))! 

Since i~^0o-a) jg summablc, the product in (j43p is uniformly bounded by a constant 
C and, by the mean value theorem and the distortion estimate Lcmma [2.3l for t = 0, 
we conclude 

Dk < C'CCXX, - l)-i|(/'=-^)'(ci)||s| < C'CCiX, - l)-'k-^ , 

where in the last inequality we used the assumption p4p on s. This shows (|4ip . 

If / is Misiurewicz-Thurston (with a = /? = 0), then as explained in Section l373l 
below the right hand side of (p4| is replaced by a sufficiently small constant 77 > 0. 
Then, we derive by a similar calculation as the one showing (j4T|) that there exists 
a constant C" (depending only on the goodness parameters of /) such that for all 
sufficiently small rj > 0, 

(44) Dk<C'rj\if''~''nck)\~\ Vl<fc<A/-l. 

The 77 in the above bound is then used to show a positive lower bound for ()45p 
below. The remaining estimates for the polynomial case and the Misiurewicz- 
Thurston case are the same. For further comments when / is Misiurewicz-Thurston 
see Section [331 

We may now proceed to the estimates. For the distortion estimate ([55]). we find, 
similarly as when deriving (j43p . 



(45) 



i=0 \ 

Using (|4ip and P0|) . we can proceed as in the proof of Lemma [^751 to show that the 
above product is bounded. The lower bound is obtained in a similar way, where, 
without loss of generality, it is enough to consider the case of large AI. (To deal 
with small M, we might decrease e, like when proving PO)) .) 

The estimate ^ follows from |(/i=)'(a;)| > C-'^\x - c\\{f^Y {fs{x))\ combined 
with dSni), Lemma [Ql and 
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By a similar calculation as in deriving ()43|) (whose right hand side is uniformly 
bounded, as we have shown above), there exists a constant C" > 1 so that 

(46) \dsf^{x)\ < C'lif-'Yifix))] , V.T G Jk-i . 

By the distortion estimate Lemma [231 this shows ([BT]). 

Regarding ([381), recall ^ and (HH), and the fact that / is (Ac, -ffo)-Collet- 
Eckmann. For Hq < fcp < fc < M — 1 and x G Jk-i, we get 

.47^ I V idsfs){n{x)) \ A CC^ ^ gC^A 

^ ^ (/i)U(x))l-,ej(/^)'(-i)|-^-i ^ ■ 

Fix fco > -f^o such that the right hand side of (|Tf|) is smaller than J^q/A. Once /cq is 
fixed, we can take e and (5 small enough so that 
feo-i 



( idtmc,)\t=o _ (9./.)(/i(x)) 
^ ^ (/■'■)'(ci) (/i)'(/.(:^)) 



,,„,,,„,,,, ~ 4 
Recalling (|42|) and the definition of j7o in (j4|), we conclude that 



k-l 



> ^ 

- 4 



(/ri)'(/,(x)) 1^ (/i)'(/.(x-)) 

Applying once more (|35|) and (IT4l) . this implies ((38|) . provided S is so small such 
that H{5) > fco (observe that the constants in the estimates we used do not depend 
on S). The statement about the signs follows immediately. 

Finally, by Proposition 12. 4| R there exists a constant C" such that for all t which 
is good for the same parameters Ac, Hq, a > 1, p, Co, we have 

\{fh'{ciMnyM\<c'k\ vi>fc>i, 

and claim (p9|) follows immediately by (|35|) . □ 



Let ft be a smooth one-parameter family of smooth nondegenerate unimodal 
maps. As usual, we put / = fo. Adapting [12l (107)-(109)] to the polynomial 
towers of the present work, and in view of Lemma l3.81 we introduce a key definition: 

Definition 2.7 (Admissible pairs). Let Ca > C, where C > 1 is given by Propo- 
sition [Ol Let a > 0, /3 > 0, e > 0. A pair {M,t) with M e Z+ is called a 
{Ca,a, I3,e)-admissible pair (or just an admissible pair, if the meaning is clear) if 
< |i| < e and 

(48) |(/^0'(ci)||t| <C„"'Af-("+«, 
and M is maximal for this property. 

Observe that if (M, t) is an admissible pair then, by the maximality of M, we 
find a constant C (only dependent on sup |/'|) such that 

(49) i(/^0'(ci)r' <caM«+^ii|. 

To motivate the definition, let f = fo, be good for parameters Ac, Hq, a > 1, p, 
Co. Let 5 > be so small such that all results in Section [2] hold. Choose /3 > a + 1. 
Let e > be given by Lemma 12. 6p . (In our application below, e may be further 
reduced when invoking Lemma l3.8n Then, if t is good for the same parameters and 



■^The proof of this fact uses properties 10 and ((Sjl in Proposition [2TT] 
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{M,t) is a (Ca, a, /3, e)-admissible pair, we claim tliat the estimates in Lemma 12.61 
hold for M and aU |s| < f , with constants depending only on Ca- (Indeed, ([39|) 
holds for s = by Proposition 12.41 since Ca is larger than the constant C from that 
proposition, so that p4p is satisfied by the admissibility condition.) In addition, 
using (|34|) again, we may ensure, by Lemma IXSl below . that the tower of ft coincides 
with that of / up to level M. 

3. BANACH spaces and TRANSFER OPERATORS ON THE TOWER 

In this section we define the Banach spaces, transfer operators, and truncated 
transfer operators used to prove our theorems, and we strengthen the results from 
[l2] on these objects: In Sections 13.11 and 13.21 we consider ft good for parame- 
ters {Xc, Ho,a, p,Co), with a > 1, using the notation and tower construction from 
Section 12.21 In Section 13.31 we summarise the changes needed to adapt the con- 
structions of Sections [21 El and 13.11 13.21 to the Misiurewicz-Thurston case (where 
we take a = 0). 

3.1. Banach spaces and transfer operators Ct- Just like in [12], we shall work 
with Sobolcv spaces. For integer r > 0, recall that the generalized Sobolev norm of 
V- : / ^ C is 

IIV'IIh-- = WMx)\\lhi) ■ 

Note that < C'UV'IIh'I (cf- inequality Im]) below). 

Fix A so that 

(50) 1 < A < min(Ay^ Vp) . 

(The square root in A < y/p is used in ([7^ below.) Let At > Ac be so that, for 
some constant C = Ct > 1 , Q 

(51) |(/t'')'(cM)|>^, Vfc>l. 

We first introduce the Banach space of functions on the tower on which the 
transfer operator (to be defined next) will act: 

Definition 3.1 (Spaces Bt = B^"' , B^\ B^"). Let Bt = B^' be the space of 
sequences -0 = {tpk : / C, fc € Z+), so that each tpk is and, in addition, 

(52) supp(V'o) C (0, 1) , and supp(V'fc) C Jk^t , Vfc > 1 , 
endowed with the norm 

llVie* = W^kWw} ■ 

k>0 

Let Bt^ be the space of sequences i/i of functions tpk € L^{I) satisfying ([52]). with 

(53) ll^llg,. =^A'=||V.fe|Ui(,). 

k>0 

For p > 1 and r ~ r{t,p) soQ that 

(54) X'-"- = aI'''~^\ 

^Thc suprcmum of CoUet-Eckmann constants Ac,t is not always a CoUct-Eckmann constant, 
this is why wc introduce At. See also Lemma l3.9l 

^Note that II50I I implies that r<l/p<l. IfA->l then r — ^ — oo, but it is instead convenient 
to take A ~ min(Ac''^, -^p), in view of II63I I. 



20 VIVIANE BALADI, MICHAEL BENEDICKS, AND DANIEL SCHNELLMANN 

let B^" be the spac^ of sequences of functions ipk G LP{I) satisfying ([52]) . with 

m^.. :-E^'"niV'fciiL.(/)- 

fc>0 

Remark 3.2 (Strong and weak norms). Generally, Bf ^ will be the "strong" norm 
and BJ^ the "weak" norm, in the usual Lasota-Yorke meaning, see e.g. (|64|) . (It 
is easy to check that B^^ is continuously embedded in B^^ using ((22)) and ([52]) . 



The auxiliary weak norms for p > 1 will only be used in the Misiurcwicz- 
Thurston case (where (3 = 0), to get the lower bound in Theorem 11.71 Wc have, 
recalling ([22]) . 

iH'hr = E^"^ ( / iv'ferdx)'^' < E A'=isupp(^fc)|i/^ii^feiu^ 

k>0 ^''^ ' fe>0 

k>0 

Since r < 1/p, we get < C|M|et foi' ^-^Y P > 1 by using A < \/Xc from (|50l). 

In addition the embedding yB^" C is bounded for any p > 1: 
(55) 

A;>0 A:>0 

< cEA'=fc"^'^"'^^'^i(/'"')'(ci)r^^-'^/'^ii'^fciiLP(/) < ccm^.. , 

fe>0 

by the Holder inequality, and the definitions (|54p of r and ([ST]) of At . 
The projection Tlt{ip) for a function G i3f is defined by 

'''' ^ Ki?yl?w^*''^- ■ 

where Xfc.t = l[o,Cfc t] if /t^ has a local maximum at c, while Xfc,t = 1[ca. t.i] if ft has 
a local minimum at c (we set xo,t = 1, and when the meaning is clear we will omit 
the factor Xk,t in the formula; also in the definition of the transfer operator C in 
((5^ below we will not write the factor Xk.t)- Note that, for i/j G Bt, the function 
: [c, 1] n supp(V'fc) — > / is injcctivc, and by a change of variables wc have 



/o i(/,'=)'(/t:^(^))i 

and a similar formula holds when considering the branch ff!^ (instead of inte- 
grating over [c, 1] we integrate over [0, c] on the right hand side). Thus, we have 
l|nt(''/')llLi{/) ^ ll^llgti • The case of B^'' for p > 1 is a little less trivial: 

Lemma 3.3. For any p > 1 and any 1 < p < there exists C{p,p) > 1 so that 

\\TitmLP<c{p,p)Ct\mBr- 



^Defining Bj^'' by interpolation instead would not be appropriate, in view of II86I I, l lllTI I. 
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Proof. By the Minkowski inequality and a change of variable 

For q' > 1 and p' > 1 so that q'~^ + p'~^ = 1, applying the Holder inequality, 
changing variables again, and using the first inequality in (which holds for any 
y € Jk,t) give 



< 



LPP' (I) 



< C If Xk,t{x) 



Now, if 

(57) (p-l)g' + l<2 

_ (p-l)g^ + l 

then |a: — Ck^t\ ^ is integrable, and we find 

(( \My)\^ 1 II , II 

\Ji \{m'{yW~' V - (|(/^-i)'(ci,0|i/^)(i-i/^=)+i/('^''') ^^^^'^'^'^ 

Set p = pp' . Then, p = p{l — l/q') so that (|57|) amounts to 

q < — 7 , 

p- 1 

and the condition on p is p < P^j^, as announced. Using that our choices give 

1 - 1 - 1 ^ ^ 

p pp' p pq' ' 

we find (by definition of r and A() 

< ^ lit < 



|(/'=-l)'(ci.t)|[(l-Vp) + l/(P9')]/2 - |(/fc-l)'(ci.t)|[(l-l/p) + l/(P9')l/2 

which concludes the proof of the lemma. □ 

In order to define the transfer operator Ct, we introduce smooth cutoff functions 
£,k,t defined as follows. The smoothness of the cutoff function is due to the fact that 
the functions in Bt are smooth (we want this smoothness to be preserved when 
applying the transfer operator defined below). For each k > 0, let £_k,t ■ I ^ [0, 1] 
be a C°° function, with 

supp(^o,t) = [c- S,c + S], Co,t|[c--|x+|] = 1 ' 
while for fc > 1 we set £,k,t = 1 if Ik+2,t = 0, and, otherwise we assume 
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• S.k,t is uniniodal, 

• SUpp(^fe,t) = Jfe+l,t, 

• ^'='*lu,e{ + ,-}/t:f'+"[cfc + i,t-(fc+l)-'5/(2L3),c,+i,,+(fc+l)-f/(2L3)] = 1, 

• sup\di^k,ti^)\ < C\Jk+i,t\-', for J = 1,2,3. 

(The last property we assume holds also for k ~ 0.) Note that £,k,t{y) > if 
and only if ft{ff{y),k) e Bk+i,t x {k + 1). Further, observe that if ^k,t ^ 1, 
then ft^'^{Jk+2.t) is adjacent to the boundary of Bk+2.t from which follows that 
\ft'^^{Jk+2.t)\ > {k + 2)~^L~^/2. Hence, we derive similarly as in the estimate ((22)) 
above that for some constant C > 1 

(58) \Jk+l,t\ > \Jk+2,t\ > C-'k-P^'\{f,'+'nc^)\-'^' , if Ik+2,t ^ . 

This will give the estimate (|5T|) below. 

Definition 3.4 (Transfer operator). The transfer operator Ct is defined for t^j E Bt 

by 

( ^^^^^ ■ ^k^iix) fc>l, 

(59) iCtij)k{x)^< A^(i-C,-.t(/,7i^+^'(a^))) 0+1) 



Note that some j-terms in the sum for {Ct'4')o{x) vanish, in particular, for all 1 < 
j < Hq, because of our choice of small S. If < £,j,t{y) < 1, then y will contribute 
to both {Ct'4>)j+i{y) and {C,t'^)o{f-'^^{y))- In other words, the transfer operator 
just defined is associated to a multivalued (probabilistic-type) tower dynamics. For 
this multivalued dynamics, some points may fall from the tower a little earlier than 
they would for ft- However, the conditions on the functions £^k,t guarantee that 
they do not fall too early. More precisely, if we define "fuzzy" analogues of the 
intervals Ik t and Jk t from (jl2p as follows 

(60) 

Ik,t := {x e / I ikA^) < 1 . ^jA^) > ,V0 < j < fc} , Jk,t = {c} Uj>k+i Ik,t , 

then we can replace Ik,t and Jk,t by Ik^t in the previous estimates, in particular 
in Lemma [2.61 Indeed, just observe that if a point "falls" according to our fuzzy 
dynamics, it would have fallen for some choice of intervals B^ t so that 

[ck,t - k-i'l{2L''),Ck,t + k-^/{2L'')] C Bkj C B^j . 



Since we can apply Lemma 12.61 to the fuzzy intervals, we can combine (|58p with 
(|T^ . (PH]) . and (PT|) . and it follows immediately from the conditions on £^k,t that 
there is a constant C > 1 such that 

(61) Uk, O f^i'^'^Wc^ < Ck^ , Uk, O /,-;l'=+^)|lc^ < (7fc-x(l+2o+0,2«^ 

Uk,t o f^i^^^^Wc- < Ck'^-^-i^+^^+P^m ^ for ah fc > 1 . 

(This is the polynomial analogue of condition [12l (75)]; the case j = 3 is used 
together with dSU]), ([21]) in Appendix [B) 

Remark 3.5 (Overlap control). In contrast to the intervals Ik, the intervals Ik do 
not have pairwise disjoint interiors. Nevertheless, it follows from the first paragraph 
in the proof of Lemma [3.81 (see in particular ([79| ) that if L is large enough (and 
thus 5 small enough), we may choose the cutoff functions ^fc so that for each fc, the 
cardinality of those /j, j ^ k, whose interiors intersect the interior of Ik is bounded 
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by 2. In other words each set {x € supp^fe(a;) | ^fc(x) 7^ 1} is contained in Ik+2, and 
hence these sets are disjoint. (This overlap control is used to get the Lasota-Yorke 
estimate at the heart of Proposition 13.61 The fact that the overlap is at most two 
is used to get a good control in (|10ip . which is essential for Theorem [TTTI) 

Now, if we introduce the ordinary (Perron-Frobcnius) transfer operator 



^ l//(y)l 



ft{v)=x 

then we have 

(62) CtTlS)^ Tit {C4),yi>£ . 

(See, e.g., [12] below equation (78).) In particular, if Ct4> = 4> then CtTiti^f) = 

nt(0). 

Set ■w{x,k) ~ A*"', for a: G / and fc > 0, and define 1/ to be the nonnegative 
measure on Ufc>o/ x {k} whose density with respect to Lcbesgue is w{x, fc). 

Proposition 3.6 (Spectral properties of £t). Let ft be good for parameters Ac, 
-ffo; « > 1; P; C'o • Ckoose 5 > Q small, j3 > a + \ and A > 1 as in (j50p . Then the 
operator Lt is bounded on Bt, and for any 

,1/2 

(63) 1< Go < min(^ ,A), 

A 

the essential spectral radius of Ct on Bt is bounded by ■ The spectral radius of 
Ct on Bt is equal to 1 , where 1 is a simple eigenvalue for a nonnegative eigenvector 
(j)f If ft is mixing, then 1 is the only eigenvalue of modulus \, otherwise the 
other eigenvalues of modulus 1 are simple and located at roots of unity e^*-''^/^' , 
J = 0, . . . , Pt — 1, for Pt > 2 the renormalisation period of ft- The fixed point of the 
dual of Ct is v. Ifiy{(j)t) = 1, then (pt := Iit{4't) is the density of the unique absolutely 
continuous ft-invariant probability measure. Finally'^ $t. ,0 G Wi , uniformly in the 
goodness (once S, 13, L, and A are fixed). 

Proof. The proof is an adaptation of Propositions 4.10 and 4.11 in [T2] to our 
fat tower, using the polynomial recurrence condition. We give it in Appendix [B] 
mentioning here only that the key (Lasota-Yorke) estimate is that there exists a 
constant C > 0, depending only on the goodness of ft, 6, and L, such that 

(64) Wc^mU < ceo'^U'U + CMb^^ , > 1 , 

for all^eBt. □ 

3.2. Truncated transfer operators Ct,M on the tower. We introduce for each 
Af > the truncation operator Tm defined by 



(65) TAiWk 



k<M 
k> M . 



By definition Ta/ is a bounded operator on Bt, with ||7A/||Bt — 1 The 
truncated transfer operator Ct.M ■ Bt ^ Bt is the bounded operator defined by 

Ct.M = TM^tTM . 



^We use here that ft is and not just C^. 
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The following proposition lists the basic spectral properties of the truncated 
transfer operator. For the maximal eigenvector (j)t of Ct given by Proposition 13.61 
we assume always that it is normalised by I'lc/Jt) = 1- 

Proposition 3.7 (Spectral properties of the truncated operator £t,A/). For any t 

which is good for parameters Ac, Hq, a > 1, p, Cq, the essential spectral radius of 
Ct,M acting on Bt is not larger than < 1, where &o satisfies condition ([63|) . 

There exists Mq > 1 (depending only on the goodness of ft) so that, for all M > 
Mq, the operator Ct,M has a real nonnegative maximal eigenfunction 4>t,M, for a 
simple eigenvalue < Ki.m ^ 1; md the dual operator of Ct^M has a nonnegative 
maximal eigenfunction Vt,M- If we normalise i't,M by Vt.M{4>t) = 1, o,nd 4)t,M by 
v{4>t,M) (recall that v = vt), then we have the bounds supj^j Wh't.AiW^jgL^ y < Ci, 

sup^ II ^t^M II Bt < Ci, and sup^ ||^t,M,o||M/f ^ C*!, for a constant Ci depending 
only on the goodness of ft and the norm of ft . 
Furthermore, fixing v < 1, and setting 

(66) Tt.M = M(«-«/2A^^|(/f )'(ci,Or'/' < 1 , 
there exists Ct > 1 so that for all M > Mq 

(67) W^t - 0t,J\/||f3i,i < CtT'tj^I , \W - '^t,M\\Bt < CtT^M , \l^t,M - 1| < CtTl[]^j . 

In particular, 

(68) 1 < K^jj < C't , VM > Mo . 

Bootstrapping from the estimates above, Proposition 14. 21 will give uniformity of 
Ct as a function of t and the more precise control on ||0t — 0t.M||gti and estimates 
on Wipt — A/||gtp (p > 1) that are needed for Theorems 11.21 and 11.71 

Proof of Proposition \3.7\ We adapt the proof of [lH Lemma 4.12] to our polynomial 
tower setting, i.e., we apply the perturbation results of Keller and Liverani |24j . As 
usual, we assume that t = and set f = fo- Uniformity in t of the constant Ci will 
follow from uniformity of the goodness. 

The claim about the essential spectral radius can be obtained by going over the 
proof of Proposition 13. 6[ checking that it applies to Cm and that the constants are 
uniform in M. More precisely, there exists C > 1 so that for all n and all M 

(69) max(||£"(Vi)||3wi,||f^^(^)||gwi) < "II V^llgw/ + C||^||g.i , 

and (note that i/(|£^V(V')l) < '^i^liili'l)) < J^('C"(|V'|)) = = M\b^^' ^ee also 

(Unni) below) 

(70) ||£"||g,i<l, \\Cl,\\^,i<l, VMyn. 

To prove the other claims, we shall use that there exists C so that for all large 
enough AI 

(71) \\{C-CMm\\B-^ <CrMM^«l- 
This inequality is an easy consequence of 

II (id-rM)vi6^i <CTMm^„i , 
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which follows from the estimate ||'(/'fc||Li < |supp(-0fc)| sup j-fAfcl combined with ([22]) . 
Proposition and p34p (and recalling the A*"' weight in the norm). Indeed, 
recalling (p2)) . we have, 

||(id-rAf)(^)ile.i = ^''j\Mx)\dx< J2 A'^|supp(Vfc)|||Vfc||L- 

k>M+l •'^ k>M+l 

Since A < we derive, as in the proof of Proposition 12.41 that the last sum on 
the right hand side is bounded by a constant times M"/^. 

Then, setting P(?/') — (t>v{il^) and f'M{4') — (t>MVM{i!) for the respective spectral 
projectors of C corresponding to their maximal eigenvalue, [24l Theorem 1, Corol- 
lary 1] give for any w < 1 a constant Ct so that ||(Pa/ — P)(V')||gi,i < Cit'^iW^Wb^ 
which gives, taking ijj = (p, that \\(I>m — ^|| < C't^l'/- 

We cannot claim yet that Ct is uniform in t, because we have not proved yet 
that there exists a neighbourhood of 1 which intersects the spectrum (j{Ct) of 
Ct Bt —> Bt only at z = 1, for all good t close enough to a good to. Indeed, a 
priori, the renormalisation period Pt of ft could be unbounded, and the constants 

(73) Ot - sup{z e a{Ct) | |z| ^ 1} < 1 

could accumulate at 1 for (good) t — > to. Uniformity of Pt and 9t when t S Aq is 
the last claim of Proposition 14.11 below. @ Note that 6t gives an upper bound on 
the rate of decay of correlations of f^* (for functions, e.g.). 

Wc may also apply the results of [24] to the dual operators (exchanging the roles 
of the weak and strong norms): Indeed, for any yu g (S^ )*, we have 

(74) sup \ti{Cii')-CM{m<CTM sup |//(^)|, 

while the Lasota-Yorke estimates for C* and are an immediate consequence of 
those for £ and Cm- Setting P*(^) = and Pm(m) = vmIJ-^^m), [Ml Theorem 

1, Corollary 1] give 

(75) sup WM-T){^l)]m<CtT-,, sup \^im, 

\mB<i wiIbi,i<i 

and, recalling our normalisation, we may apply the above bound to fi = v. Alto- 
gether, this gives the bounds (|67|) for v £ (0, 1). The bound km < 1 follows from 
the fact that km is an eigenvalue for <j>M £ B^ and since by (|70| the spectral 
radius of Cm on B^ is bounded by 1. 

It follows from what has been done up to now (and using the fact that Cm is 
a nonnegative operator to analyse its maximal eigenvector, which satisfies 0^/ ~ 
lim„_,oo ^ Efe=d ^Ki^lM)^ see also ES pp. 933-935, Thm 27]) that 

s\xp\\i't,M\\(RLi\* < C*! ' sup||0m|Lh-i < Ci , 

M ^ * ' M 



^This holds a fortiori in the easier setting of 1121 where Pt = P, proving the claim on 9t in 1121 
§5.21. 
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uniformly in t. To show sup^/ |l<?!'t,A/,o|| ^ C'l, we proceed like when proving the 
analogous statement of Proposition [5?^ in Appendix [Bj and we get uniform bounds 
in M and t. □ 

Recall the notion (|48)) of admissible pairs {M,t). In the following lemma, we 
use the freedom in the choice of the intervals Bk.t and cutoff functions ^k.t in order 
to, loosely speaking, identify the towers up to some level M = M (t) for t close 
to to = ■ The result is a counterpart to Proposition 5.9 in [12]. The difference 
with the horizontal case there is that, in our present transversal case, the distance 
|cfc,t — Ck\ grows hke |t||(/'')'(ci)|, i.e., exponentially fast. 

Lemma 3.8 (Identical M-truncated towers for / and ft). Let f = fo be good for 
parameters Ac, Hq, a > 1, p, Cq. If the constant L > 1 in the definitions of the 
tower and of the cutoff functions is sufficiently large, then we can choose a tower 
f : I ^ I , cutoff functions S^k, and a transfer operator C for f , and e > such that 
for any M > 1, and for any t G (— e, e) which is good for the same parameters and 
so that 

(76) |(/'=-^)'(ci)||t|<fc-^ Vl<fc<A/, 

one can construct the tower ft'.It-^ It o,nd the transfer operator Ct such that 

(77) Jk+i,t = Jk+i and ^k,t = 6 , VO < fc < A/ - 1 . 

Proof. Let e > be so small as in Lemma [Z!6| and take L > max(2C'^, 4) where C is 
given by Lemma [^751 and Lemma (Observe that the constant C in Lemma [^751 
and Lemma 12. 6[ respectively, does not depend on L and on 6.) Regarding Re- 
mark [3]5] above, we will be a bit careful in choosing the tower for /. We fix a tower 
f : I ^ I where the levels Ek, k > 1, are defined inductively by setting 



Bk 

and 



U-P 1.-13 



B, = 



k-0 



otherwise. 



This implies \ f ilk)\/\f {Jk-i)\ > 1/2 whenever Ik ^ 0, which in turn implies that 



where in the second inequality we used Lemma 12.31 Since the length of 1^ is 
comparable to the length of Jk-i, we can now construct the cutoff function ^k-2 
such that 

(79) {x|0<a-2(x)<l}c4, Vfc>2, 

and |(?^^fc-2| < C'|Jfc_i|^'', r = 1,2,3, for some constant C, and all the other 
requirements on cutoff functions are satisfied. 

Recall that no point falls from the tower up to level II{5). Hence, the assertion 
of Lemma [3?8l is trivially satisfied for all < < i7((5) — 2 (for arbitrary choices of 
towers and transfer operators). Let II{5) — 1 < < A/ — 1, and assume that ([77|) 
is satisfied for all < j < A: — 1. Assuming C so large that C^^\x — c\ < \f't{x)\ < 
C\x — c|, we derive from ([55)) and Lemma [2.31 that 

(80) C-'\f''^\Jk)\ < \ft'^\Jk)\ < C'\f'^\Jk)\ , 
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for all t satisfying ([76| . If Ik+i = then f'^^^{Jk) C Bk+i- Hence, by the upper 
bound in (jBD]) . the choice of L, and the definition of Bk+i, we have \ft'^^{Jk)\ < 
L-i(fc + 1)-'^. It follows that we can choose Bk+i^t satisfying ((TO)) and so that 
4+1, t = 0- By definition, ^fc„i,t = = 1, which implies ^T^. 

If /fc+i 7^ then the interval f^^^{Jk+i) is adjacent to the boundary of Bk+i- Set 
= [cfe+i,t-6, Cfe+i,t+6], whereb = |//'+^(Jfc+i)|. By the choice of L and B^+i, 
and using both inequalities in ((80|) . we get L~^{k + 1)^^ < b < L~^{k + 1)~^ from 
which follows that Bk+i,t satisfies the condition (fTO|) . By construction Jk+i.t = 
and Ik+i.t ~ Ik+i- Hence, we can set ^k-i,t = Cfe-i which concludes the proof of 
Lemma 13.81 □ 

3.3. The Misiurewicz— Thurston case. In this section we discuss the modifica- 
tions in the parameter selection, tower construction, and transfer operator proper- 
ties, which will allow us to get stronger results in the Misiurewicz-Thurston case. 

If ft is Misiurewicz-Thurston, wc shall prove next that we may take a = /3 = 
in the definitions in Sections [5] and [31 In particular, the sizes of the levels of the 
tower are uniformly bounded from below. (The fact that the size of the levels 
is bounded from below will be essential to get the lower bound of Theorem 11.71 
in Section m see e.g. (|130p .) The first remark is that wc can take /3 = a = 
in the distortion Lemma 12.31 if assume that L is large enough so that for all 
/c > 1, an neighbourhood of Ck does not intersect a fixed neighbourhood of c. 
Next, Proposition 12.41 holds, setting a = (its proof is trivial in the Misiurewicz- 
Thurston case). The exponential decay property ((22)) also holds, setting /? = 0, and 
all bounds in Lemma 12.51 are true, setting a ~ P ~ 0, and removing the remaining 
factor j in the right hand sides of (|^D)) and (PT|) . All claims in Lemma are true 
for a — /3 ~ 0, up to replacing fc~^ by 77 for some small > in (|34p (see also the 
paragraph containing in the proof of Lcmma l^TB)) . If i is Misiurewicz-Thurston, 
we use the definition (|48l) of admissible pairs {M,t), setting a = /3 = 0. Then, in 
the Misiurewicz-Thurston case, if Ca is large enough then |(/*''^)'(ci)||t| < 
implies (j34p . and wc shall assume this throughout. 

We now construct the set Ajv/t of sequences t{n) — > to which will give The- 
orem 11.71 by exhibiting Misiurewicz-Thurston parameters with uniform average 
postcritical expansion. As usual we assume to = and we remove the from 
the notation. (We shall discuss the Banach space construction, transfer operator 
properties, and Lemma [3751 in the Misiurewicz-Thurston case after the proof of the 
following lemma.) 

Lemma 3.9 (Admissible Misiurewicz-Thurston pairs with uniform postcritical 
multipliers). Let f = /q be a mixing Misiurewicz-Thurston map, and assume the 
family ft is transversal at /q. Let £0 denote the postcritical period of f . If Ca in 
(|48p defining admissible pairs for a = /? — is large enough then, defining At in 
([51]) for Misiurewicz-Thurston maps by 

At^ iun |(/f)'(cM)^/^ 

k—^00 

there exists C > 1 such that for each large enough integer m, there exists a 
Misiurewicz-Thurston map ft and an integer M with \M — m\ < Iq such that 
(M, t) is an admissible pair and 



(81) 



C-1A^<|(/,'=-1)'(cm)|<CA,\ VA:>1, 
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At 



furthermore, setting A = Aq, we have 
(82) c-i<(^^j <C, 

and, for < fc < M , the points Ck^t cind Ck are either both local maxima or both 
local minima for f^ and f^ , respectively, and, for H{d) < k < M and x G Jk, 
if they are local maxima then fi{x) < f^{x), and if they are local minima then 

fH^) < fH^)- 

Finally, the set Amt of parameters satisfying the above properties enjoy uniform 
goodness constants. (This set is infinite countable and accumulates at t = 0.) 

Proof of Lemma \3.9[ For m large, Cm is in the postcritical periodic orbit of /. Let 
M >mhe minimal such that |(/*^+')'(ci)| > |(/^)'(ci)|, for all i > 1. Obviously 
M -m< (.a- 

Since the family /( is transversal at /o, the map /o is not conjugated to the Ulam- 
von Neumann map, i.e., C2 = /q (c) is not equal to the left fixed point /(O) = 0. (If 
it were, by (I38|) . for k large, a neighbourhood of t = in f would be mapped by 
1 1—)- ft{c) to a neighbourhood of in M. But since is the left endpoint of /, this is 
not possible.) Therefore cj\/ is contained in the open interval (c2, ci). Furthermore, 
there is at least one point y in the interior of [c2, ci] \ {& | i > 0} which is eventually 
mapped to cm but such that /*(y) ^ c, for all i > 0. □ 

Let then ti = ti{M) > be minimal and t2 = t2{M) > ti be maximal such 
that {M,t) is an admissible pair for all t S {ti,t2]- Observe for further use that, by 
definition of admissible pairs, if m is large enough, 

t2 - h C-H\{f'')'{c,T^ ~ max,>i \{f {c,)\~^) 



t2 Ca-^|(rO'(ci)|-i 
= 1- max m'icM)\-\ 

SO that, by the definition of A/, and for large enough mo, 
(83) inf inf Miif^,#^>0. 

m>moM>m 1*2(^^)1 

By Lemma for fc > H{S), the sign of (/'^^^)'(ci) • dtft{c)\t=o is independent on 
fc. We are therefore in one of the following two situations: Either for all fc > H{6), 
if Ck is a local maxima for f'' then dtft{c)\t=o < 0, while if Ck is a local minima 
for then dtft{c)\t=o > 0; in this case we set A(M) = [-t2,-ti). Or for all 
fc > H{6), if Cfc is a local maxima for f'^ then dtft{c)\t=o > 0, while if Ck is a local 
minima for f'^ and dtft{c)\t=o < 0; in this case, we set A(M) = {ti,t2]- By (fT4|) 
and by the sign assertion just below (pS]) (applied to x € Jk), our choice of A(A/) 
implies the assertion below property (|82p . 

By ((37)) . \cj — Cj^t\ is bounded from above by a constant times |(/-'^^)'(ci)||i|, 
for all j < M and all |t| < t2. Since |(./*0'(ci)IN < and since the derivative 
\{f^~'y{cj)\ of the Misiurewicz-Thurston map / grows exponentially in M — j, 
there exists an integer ii, which does not depend on Af, such that CM-ii,t is 
contained in (c2,ci), for all t e [— t2,i2]- On the other hand, by the uniformity 



If /o is not mixing, we could apply the argument to its deepest renormalisation /q on a 
mixing interval TZc, if we assumed that is not conjugated to an Ulam-von Neumann map. 
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of £i, the fact that |(/^^+^)'(ci)||t| > and by the transversahty property (p8| . 
there is a constant C > 1 such that 

inf \{cM-e, , I t e A(M)}| > mf ^2(M) -MM) ^ ^ 

where in the last inequahty we used (|83)). It easily follows that there is a finite 
collection of open intervals contained in (c2,ci) such that for each large enough 
m the interval {cM{m)~ei.t I t S A{M{m))} contains at least one interval of J^. 

Since we assumed that /o is mixing, the support of its absolutely continuous 
invariant measure is [c2,ci]. Recall the point y € (c2,ci) constructed in the begin- 
ning of the proof, and let km > 1 be minimal such that f'^'^' (y) ~ cm- Fix m large 
and let J G J' be covered by {cM{m)-ei,t I t G A(M(m))}. By ergodicity of / on 
the support of the absolutely continuous invariant measure, there exists k ~ k{ J) 
so that f^{J) contains y. Therefore, wc find a point x G J and an iterate ^ 1 
(with jM < k{J) + km) such that f^"{x) — cm and so that the points P{x), 
< j < Jm — 1, avoid a neighbourhood V of c. Hence, by the implicit function 
theorem, if \t2\ is sufficiently small, for all t € [—^2,^2], we find points xmj G J 
and dM.t € (c2, ci) (depending differentiably on t) , such that dM,o = cm, and dM,t 
is a (repelling) periodic point for ft with period £0, while fl" {xM,t) = dM,t, and 
the points fl{xMd), < i < jj\f — 1, avoid a neighbourhood V <Z V oi c. Since 
{cM-ti,t I t G A(Af)} contains J, and J contains the closure of {xM,t \ t G A{M)}, 
it follows by the intermediate value theorem that there exists t £ A{M) such that 
CM-ti,t XM,t (with fl'''{xM,t) the repelling periodic point dM,t)- 

Since the number of intervals in is finite and since cm can attain maximal 

different values, it follows that supjgj- k{J) < 00 and sup^/ < 00. Hence, 
there is an integer jo and a neighbourhood U of c, such that for every large m, 
defining Al{m) as above, there exist t = t{M) g A(M) and j < jo such that 
CM-ei+j,t = dM.t (the repelling periodic point constructed above by considering a 
suitable J) and c,;.f ^ U, for all i>l. By construction, {M,t{M)) is an admissible 
pair. By the admissible pair condition, |/'(/*(cm)) — ft{ft{d,M,t))\, 1 < * < ^0, 
is bounded from above by a constant times A~*^. This immediately implies (|82p . 
It remains to show ([ST]) . which easily follows from the distortion bounds ([35l) . 
property (|82p . and the fact that Cj\/,i is iterated at most jo steps to the postcritical 
periodic orbit while these iterations lie outside the neighbourhood U of c. 

Let Amt be the sequence of Misiurewicz-Thurston parameters 

{t{M{m)) I m > mo} 

just defined. Uniformity of goodness constants for Amt is straightforward: Take 
Ac < A and assume that M is sufficiently large. Then, by (|8T|) and ((82)) . we find 
an integer Hq such that, for all t e Amt, the map /( is (Ac, -ffo)-Collet-Eckmann. 
Properties ([7|) and (jH]) can be shown as in the proof of Proposition 12.11 (where we 
might have to intersect Amt with a e((5)-neighbourhood of <o = 0). 

This concludes the proof of Lemma 13.91 □ 

Remark 3.10. The assertion in Lemma [3.91 iust below ([5^ holds only on one side 
of Iq. Hence, the Misiurewicz-Thurston parameters constructed in Lemma 13.91 lie 
either all to the left or all to the right of • This will simplify the proof of the lower 
bound in Section 15.11 considerably by avoiding potential cancellations. However, 
it is quite likely that, by doing careful estimates and by possibly adapting the 
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observable Ad below, one would obtain a similar lower bound in Section l5.ll even 
if the assertion in Lemma [3791 below ((82|) is not satisfied (allowing the eonstruction 
of Misiurewicz-Thurston parameters on both sides) . 

Banach spaces, transfer operators, the spectral Propositions [3T6l and [377l 

In the Misiurewicz-Thurston case, we may now construct the Banach spaces, 
the transfer operators Ct and the truncated transfer operators Ct.M exactly like in 
Sections 13.11 and [3721 setting a — ~ 0. (The only difference is that (|6T|) is replaced 

by \\S,k ° /i'^^^^'llc-' ^ for all k > 1.) In the definition of the space B^'' , we take 
A( in ([ST]) equal to in (|5l]) . We claim that for each p > 1 there exists C so that 

(84) sup||£rilf5- <C. 

n 

Indeed, for fc > 1, the definition of Ct gives 

A'11[AVi]fc||LP(/) < A('=-i)'-A'^-i||7^,_i|U.(,) , 

and we only have to consider [Ctip]o- Using Minkowski's inequality, a change of 
variable, the bound and the definition of At, we find a constant C such that 



j=0 or j>H{S) 



<c Yl a^a/^""-'-'||^,|u.(,). 

j=0 or ]>H{5) 

By the definition ((54)) of r, the right hand side is bounded by (711-011 gtp . We have 

proved ||£t||gtp < C. The proof of sup„ ||£"||gi,p < C using the above remarks is 
straightforward under the Misiurewicz-Thurston assumption, exploiting the overlap 
control of fuzzy intervals in Remark 13.51 (simplifying greatly Appendix B of jT2]). 
The Lasota-Yorke inequality 

(85) max(||£r(Vi)b, W^lMmB) < CQo'^Mb + CMslp , 

for p > 1 follows from the Lasota-Yorke inequality for B and B^ and the embed- 
ding of B^'' in B^ given by (|55p . Note that Rellich-Kondrachov gives that the 
embedding C B^'' is compact since p < oo and using ([^H) . Finally, 

(86) l|(id-rM)V^||B.p = E ( f \M^)r dxY' 

k>M+l ^''^ ' 

^ A'=sup|V'fe| 



fe>A/+ 

1 



. (l-l/p)fc/2 .fc/2p 
A:>Af+l ^^t 



<c3A^^i(/f)'(ci)rV2. 

(In the second inequality, we used the definition (|54p of r. In the last inequality we 
used the upper hound \{ft~^)'{ci,t)\ < CA^ for ah k.) 
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Therefore, the spectral properties stated in Propositions 13.61 and 13.71 (setting 
a = (3 = 0) hold, with the same proofs. In fact, by (|84|) and ([85|). (|86| . we may use 
the norm of B^'' for all p > 1 as a weak norm. 

Finally, if (M, t) is an admissible pair furnished by Lemma 15^ then by ([5T|) and 
we have 

C'^A'' < \{ft~^y{ci,t)\ < C^A*^ , V 1 < fc < 2Af . 

Using this estimate one can easily adapt the proof of Lemma \3M to ensure that the 
tower of ft coincides with the tower of / up to level 2AI (instead of M). Thus, in 
the Misiurewicz-Thurston case we have 

(87) Jk+i,t = Jk+i and 6,t = 6 , V < A: < 2Af - 1 . 

4. Whitney-Holder upper bounds — Proof of Theorem 11.21 

4.1. The main decomposition Upper bounds. For ft either good with a > 1 
or Misiurewicz-Thurston. we proved in Sections 13.11 and 13.31 respectively, that the 
invariant density of ft can be written as (f>t = Tlti(t>t), where 4't is the nonnegative 
and normalised fixed point of Ct on Bt- Writing / = /t,, (as usual we assume to = 
and we remove the from the notation), as in |12[ §6], our starting point is the 
decomposition 

(88) 

(l)t - ^^[Ut{$t - hu) + n((^M - 0)] + [Mit.M - M] + [(n* - n)(0M)] . 

We next state three propositions giving upper bounds on the three terms in the 
right hand side of the above decomposition. The proof of Theorem 11.21 will easily 
follow. The upper bounds for the first two square brackets in (|88p have a stronger 
form in the Misiurewicz-Thurston case, and they will be used in combination with 
Proposition 15.11 below (which gives a lower bound for the third square bracket in 
the decomposition ([55]) ) to show Theorem 11.71 in Section [SJ 

We first discuss the effect of parameter change on the truncated eigenvalues, i.e., 
the contribution of the second square bracket in the right hand side of (|88|) . The 
following proposition shows that our choice of admissible pairs (Af , t) was indeed 
optimal: 

Proposition 4.1 (Strong norm control of i i-> (j)t.M )■ If f ~ fo good, with 
a > 1, constructing the tower and transfer operators as in Sections \2.2\ and \3.1W3.^ 
(in particular (3 > a + 1, and we use Lemma \ 3.8\) . there exists C such that for 
each admissible pair {M,t), with t good for the same parameters and \t\ sufficiently 
small, we have 

(89) \\4>t,M - 4>m\\b < CAf--(2+2"'i+«|t|i/2 . 

V f = fo is Misiurewicz-Thurston, mixing, and transversal, recalling the tower 
and transfer operator construction in Section \3.3\ (a = /3 = 0, recalling also (|87|) ) 
and the set Amt of Misiurewicz-Thurston parameters accumulating at given by 
Lemma \3.9l there exists a constant C such that for each admissible pair (A/, t) with 
t € AjvfT o,rid \t\ sufficiently small, we have for each p> \ 

(90) ||0t,2M - 02A/|lBi.f < \\<i>t,2M - 02A/||b < C|t|^/^ . 



^^The proof of II92I I shows that truncating at M + Clog M would be sufficient; but the proof 
for 2M in ifOOj l is not harder. 
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Finally, in both cases above, the renormalisation period Pt of ft is not larger 
than Po for all small enough t, good with the same parameters, the constant Ct 
from Proposition \3. 7\ is bounded uniformly in such t, and there exists Oi > 1 so 
that for any such t satisfying in addition Pt = Pq, recalling (j73p . we have 9t < 0]~^- 

The proof of Proposition 14.11 is given in Section 14.21 

We next control the effect of truncation, i.e., the contribution of the terms in 
the first square bracket of ([55)1 . For any u < 1, Proposition 13.71 and the definition 
of admissible pairs (M, t) give a constant C so that 

UtM-M\B^^ < c\t\^^\ 

The following proposition gives the improvement of the above bound needed for 
both our main theorems: 

Proposition 4.2 (Weak norm control of M i-> 4)t,M)- If f ^ fo is good, with 
a > 1, constructing the tower and transfer operators as in Sections and \3.1\ - 
\3.S[ there exists C such that for each admissible pair (M,t), with t good for the 
same parameters and \t\ sufficiently small, we have 

(91) ma.x{UtM - MB-^AWt,M - i^th'} < C\t\'^Hl^+^ . 

V f = fa is Misiurewicz-Thurston, mixing, and transversal, recalling the con- 
struction in Section \3.S\ (in varticular. a = 13 = Q) and the set Amt of Misiurewicz- 
Thurston parameters accumulating at given by Lemma \3.9\. there exists a constant 
C such that for each admissible pair {M, t) with t G I^mt, we have for any p > 1, 

(92) max{||<^t,2A/ - Me^'AWtaM - >'t\\B'\} < C\t\^'^ , 

Proposition 14.21 is proved in Section 14.31 The last ingredient for the proof of 
Theorem 11.21 is the following elementary but crucial lemma, which takes care of 
the last contribution in ([SS]) . i.e., the displacement of the "spikes" (the square root 
singularities 1/ ^J\x — Ck.t\ in the invariant densities): 

Proposition 4.3 (Upper bounds on spike displacement). // / = /o is good, with 
a > 1, taking /3 > a + 1 and constructing the tower and transfer operators as in 
Sections and \3.1\\3.2l there exists a constant C such that for each admissible 
pair {M,t), with t good for the same parameters and \t\ sufficiently small, and for 
allAeC^I'^, 

I A{x){Tit ~ T]){^M){x)dx\ < C|t|i/2p|lcv2 . 

Remark 4.4. The proof of Proposition 14.31 applied to the Misiurewicz-Thurston 
setting a — /3 ~ would give an additional factor | log \t\ \ in the upper bound, since 
the size of the Bfc's does not converge to when fc — )• od. If the observable A is C^, 
this log-factor vanishes. (See the upper bound in Proposition 15.11 and its proof.) 

Proof of Theorem \1.2[ Let A C £ he the set given by Proposition 12.11 For given 
F > 4, we can choose a > 1 and /3 > 1 + a, so that 4 < max(2 + 2a, 1 + /?) < F. 
For this choice of a, by Proposition 12. 1[ we find for each to S ^ a set Ag C A 
of good parameters having the same goodness constants as to, and Aq contains to 
as a Lebesgue density point. Recall the constant e{S) in Proposition 12. 1[ and the 
choice of e > in Lemmas 13.81 and 12.61 Now we can choose S > and e{S) > e > 
small enough (and i > 1 in Section 12.21 large enough) so that all corresponding 
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assertions in Sections [2]-[3] and in Proposition 14. 1144731 hold (with uniform constants) 
for all t e Ao n {to -~e,to + e). (In Lemma [2761 we allow of course t G {to — e,to + e).) 
Redefining the set Aq as Aq H (<o — e, + e)i we obtain the set Aq in Theorem 1 1.2 1 
In the following assume t G Aq. As remarked after the definition ((56)) of the 
projection lit, we have WUfX^t - 4't,M)\\L^i) < \\4>t - 4't,M\\i3Li- Thus, we can 
apply Propositions 14.21 and 14.11 to bound the (J) norm of the two first square 
brackets on the right hand side of ([88)) . Regarding the last square bracket we apply 
Proposition HTSj Altogether, we derive 

^ ^1, , I 1 /2 71 j-maxCa + r. II ^l 

Since, by (|48)) . M is bounded from above by a constant times | log |t — io| | and since 
max(2 + 2a, 1 + /?) < P, this concludes the proof of Theorem 11.21 □ 



A{x)Mx)dx- A{x)4>to{x)dx < C|<-<or/'A^'"""^'+"''+'^^PII 



It remains to prove Proposition 14.31 

Proof of Proposition \4.3\ Let 1 < A: < M, and focus on the branch f^'^ (the other 
one is handled in a similar way). Assume that Ck and Ck^t are local maxima for 
f'^ and ff, respectively (the other possibility is treated similarly and left to the 
reader) . 

For A G C^/^, we need to consider 



(93) 







1 



\^Aix)^tMAI^,, 







l(./')'(./^'(^))l 



{A{ft'{x)) ~ A{f{x)))cl)MA^)dx 
.1 



<Al|A|| 



Cl/2 



\f^{x)-f{x)\^/^(PMA^)dx 



By Proposition 13 . 71 it follows that sup |0A/.fe| < sup |(/)m,o| ^ CA~'^. By the 

second inequality in ([22]), we have |supp((?!)M,fc)| < C'|(/''~^)'(ci)|~^/^fc~^/^, and for 
\t\ sufficiently smaU we have, by ([35)) . 

\fhx)-f\x)\<C\{f^~^)'{c,)\\t\- 



sup 

a:6supp(0A/_fc) 



It follows that 



.1 M 

/ A{x){Iit^Ii){4>M){x)dx <C'\\A\\cir-W'^Y.^-^'^ . 

k=0 



Since /3/2 > 1 this concludes the proof of Proposition 14.31 



□ 



4.2. The effect of parameter change on 4't,M- 
The next lemma is the key to Proposition HTT] 



Proof of Proposition 14.11 



Lemma 4.5 (Strong norm estimates for the maximal eigenvector). In the setting 
of Proposition [^Tl] there exists a constant C such that the following holds. If ft, f , 
and M are as in (1891) then 



(94) \\{Ct,M - CM)hl\\B < CAf--(2+2a.l+«|^|l/2 

If ft, f, o,nd M are as in (|90p then 

(95) \\{Ct,2M - C2m)^2m\\b < C\t\"\ 
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Note that we cannot apply directly the results of Galatolo and Nisoli [18] to 
deduce Proposition 14.11 from the above lemma, because the eigenvectors are not 
fixed points. 

Proof of Lemma \4-5\ This argument is similar to jl2| App C] , with the very im- 
portant difference that we must now deal with a much larger dominant term which 
arises from the transversality assumption, recall (|38|). (See also Lemma [2761 and the 
comment above it.) We provide a detailed proof: 

The main part of the proofs of ((94|) and ([95]) can be done simultaneously. When 
there is a difference, we shall refer as usual to the setting in (|94[) as the polynomial 
case and to the setting in ()95|) as the Misiurewicz-Thurston case. In the estimates 
below, the constants a and /? will appear, and in the Misiurewicz-Thurston case, 
except if otherwise mentioned, these estimates are to be read by setting a = /3 = 0. 
Henceforth, let M := AI in the polynomial case and M := 2M in the Misiurewicz- 
Thurston case. Observe first that 

[(A,A7 - £m)4>m]j = , for aU j > 1 . 

For j > M this follows immediately by the truncation. For 1 < j < M , this follows 
from the fact that we constructed the tower for ft to coincide with the tower for 
/ up to level M, i.e., £,j^t = for 1 < J < M (see Lemma [3. 8|) and recall that in 
the Misiurewicz-Thurston case we used very special properties of ft and / in order 
to obtain identical towers up to the higher level 2M (see also (|57)) ). Henceforth we 
consider only level 0. 

For 1 < fc < M + 1, set ipk = {I — £^k~i)4'M fc-i- order to prove Lemma [4.51 
we have to show that the term 



(96) 



5. J2 

fe=i 



m'ift:,Hx))\ m'{f,-'ix))\ 



is bounded above (up to a constant) by M''^^^'^^^^°''^^^^\t\^/^ in the polynomial 
case and by in the Misiurewicz-Thurston case. We consider first the indices 

k < M + 1, i.e., the terms which correspond to a fall from a level below M. 
For the polynomial case, this includes all terms we have to study. Regarding the 
Misiurewicz-Thurston case, the terms corresponding to a fall from levels between 
M + 1 and 2AI are easier to deal with, and they are treated at the end of this proof. 

Since, for k < M + 1 the signs of (ft)' and {f'')' are identical in the domains we 
are interested in, we can skip writing the absolute values in the following estimates. 

Henceforth, let k < M, and consider only ipk such that (pk ^ 0. In order to 
estimate (j96p . recall that ^j^j q e Wi and note that, by Fubini and the fundamental 
theorem of calculus, we have 



(97) / 



I 



mift:n^)) ^0 Ji (/.^)'(/.T.(x)) 



dx = / dxds — ; dxds 



Observe that if {x,t) $t(a;) € / is a C"'^ map on / x £ so that x $j(a;) is 
invertible, then we have 

dt^t [x)\t=s = ,„ ^ , — ^ 1 , , ■ 

(9,$«)o$-i(x) 
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We consider only the branch f^'^. The branch /_'^ is handled similarly. For 
s g [0, t], we derive 



(98) 



a 



Setting y = /^^(x), and taking the x-derivative we get 



(99) d^d. 



By the assumptions on the cutoff functions ^, including Rcmark l3.51 and since 4>m 
is the eigenfunction of Cf[ for the eigenvalue k^q^, we have 

(100) v'fc(y) - A-'=4^(i - efc-i(2/))efe'-i(y)0A/,o(y) , 

where 1 < fc' < fc is maximal such that £,k'-i ^ 1- Recall that, by Proposi- 
tion l3.71 there is C > 1 such that for all M, we have max{||0^7^ olli°°' II "^'aJ oII^°°^ — 
110^7 oil < C . Recall also the property (|6T|) of the cutoff functions. (Observe that 
in order to derive (|6T1) . we used the estimates ((T9)) . (|20)) . and ((2T|) in Lemma [2.51 
which wc a priori cannot apply for the map /, since s might not be good. However, 
using the estimates provided by Lemma 12.61 we deduce that these estimates still 
hold for /s, and. thus, the property (|6T|) holds also for S,k-i ° 17 ±-) We obtain 

(101) \mMf7Xi^)))\\L^ < C^A-H-t'^-i)^ ^ f^^. = 0, 1 , and 
l|5'('^fe(/.;i(^)))llLi < c2A-'=fc--(i+2„,^) ^ 

where the appearance of the factor is explained as follows: The size of the 
support of ifkif^+i^)) is bounded above by a constant times k~^. Hence, all 
terms in the derivative in (jlOip not containing (/)^-^ ^ can be estimated by taking the 
supremum times the size of the support. It is easy to see that the term containing 
4>'fj Q is bounded by a constant times A"*^ (there is no factor here). In the 
Misiurewicz-Thurston case, there is only a constant times A^*^ on the right hand 
sides in (jlOip . 

To estimate the norm of ((99|) . we must next consider the factor dsfa{y)/{fs )'{y) 
and its y-derivatives. By p7p and ([M]) in Lemma [2.61 we get 



(102) 



dslKy) 



im'iy) 



<^2^/3/2|(^fe-ly(^^)|l/2^ V 2/ e SUpp(^fc) . 



Observe that (fT02| and (fTOTj) give a polynomial factor fcmax(i+2a+/3/2,3/3/2) ^j^g 
upper bound of the norm of the first term on the right hand side of ([99|) (this 
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explains the corresponding factor in the bound of (|108|) below). Regarding the 
y-derivative, observe first that, by (|42p . we have 

fe 



im'iy) 

Therefore, we obtain 

dsfHy) 



E 



{djs){frHy)) 
(.fsYiy) 



(103) dy 



im'iy) 



k 

E 



i-1 



X',{fl{y))-Y^X,{fi{y))Y, 



r:{fi{y)) 



We shall use again the estimates in Lemma 
we get, by ^ and 

nm 1 ift'nfsiy)) 

and, by (O, and dM]), 

1 



^ (.fryimy))n{my)) ' 

For 1 < m < fc and y G supp((/3fc), 



im'iy)ifr-'nfsiy)) 

ifr-'Yifsiy)) 



\{fs-n'{my))\ 



3 fc^/^|(/^-i)Xei)|V^ 
l(/™-^)'(ci)| 



The dangerous factors in estimating (|103p (even more dangerous when estimating 
the terms p06)) and ((T07| below) are powers of (y) in the denominator and factors 
ifl^Yiy) large m in the numerator. The dominant terms on the right hand side 
of (jl03p appear when £ = (summing over j when £ = gives a geometrical scries). 
We derive that there is a constant C so that 

dsfHy) 



(105) 



a, 



im'iy) 



<C'fc'5|(r-i)'(ci)| 



Regarding the j/-derivative of order two (appearing in the last term in (|99p ). 
observe that 



^2 dsfHy) _ 
'im'iy) 

k 

(106) ^Xn/i(y))(/i)'(y)-^X^(/i(2;))5] 

i-i 



/;(/f(2/))(/f)'(y) 



mmy)) 



(107) 



^X,(/i(2/))^ 

j=i e=o 



f'J'ifKymiYiy) 
(/r')'(/f(y))/K/i(y)) 



/n/i(y))'(/f)'(y) 



f'JifM) 



i-1 

E 



fsifliy)) 



The dominant terms in (|106p appear when £ = 0. Summing over j gives the upper 
bound A:^+''/^|(/'°^^)'(ci)|^/^ (up to a constant). The last expression (|107p contains 
the largest terms. The dominant terms appear in the last line when i = £ = 0. 
Summing over j, which gives a geometrical series, we derive that (|107p is bounded 
from above by a constant times /c'^^/^|(/'''~^)'(ci)p/^. It follows that there is a 
constant C so that 



2 dsfHy) 



Hfi)'{y) 



<ck'Pi\f''-y{ci)\"\ 
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We have bounded all terms regarding the norm of (j99|l (observe that | {fsYiu) I ^ < 
C |^^fc„fj^,j^^^|i/2 1 by setting m = A: in ()104p ). Recalling (|97| . we conclude that 



(108) 



is bounded above by a constant times fcmax(i+2a+^/2,3/J/2)|(jfe-iy^^^-)|i/2|^|^ ^j^^^.^ 
in the Misiurewicz-Thurston case the polynomial factor vanishes. Thus, in the 
polynomial case, by ([5^ . we get 

m{Ct,M ~ Cm)$mM^)\\l^ < 2(7M--(2+(5a+/3)/2,l + (a+3/5)/2)|(^^A/y(^^)|l/2|^| 

Applying the admissible pair condition (pS)) . it follows that || (i2t,M — ^m)4'm\\b 
is bounded from above by a constant times \t\^/^M'^^^''^~^'^°''^~^^\ This proves 
inequality i.e., the polynomial case of Lemma 

In the Misiurewicz-Thurston case, instead of applying l\'39\i . we can use ([5T|) . and 
we derive 

M 

||9.[(A,M - A/)02m]o(x)||li < C|(/*0'(ci)r/'|t| 5] |(/*'-')'(cfc+i)|-i/^ 

M 

<C2|(/*0'(ci)|i/2|t|^A"(^^-^-)/2 <C74|i|i/2^ 

fe=0 

where in the last inequality we used the admissible pair condition (|48p for a ~ /3 ^ 0. 

It only remains to consider the terms involving ipk 's for Af + 2 < A; < 2M + 1 
in the Misiurewicz-Thurston case, i.e., terms in the level which correspond to a 
fall from a level between M + 1 and 2M. The bounds here are similar but easier 
than those above. We do not look at differences as above, but estimate each term 
individually. More precisely, 

\\dx[{Ct,2M - ^2A/)(id - 7a/)(^2m)]o(.'J;)||li 

< \\dx[Ct^2M{ld - Ta/)((^2A/)]o(2;)||li + !|93,[£2M(id - TM){(j)2M)]o{x)\\L^ ■ 

Consider the second term on the right hand side. (The first term is estimated 
similarly.) Observe that 

fcM+2 

By (jlOOp and (|10ip . and observing that, in the Misiurewicz-Thurston case, we have 

(see for example the computation for the last term in (|103p when j = k and 
i = 0), we easily deduce that this sum is bounded from above by a constant 
times |(/*^)'(ci)|~"'^/^. This, in turn, is bounded by a constant times It]-^^^, by the 
consequence P^j) of the admissible pair condition. This concludes the proof of ([M]) , 
and hence the proof of Lemma 14.51 □ 



We will deduce Proposition 14.11 from Lemma 14.51 The proof is divided in two 
parts: We first show the uniform bounds on Pt and Ct, which will be used in the 
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proof of Proposition 14.21 in Section 14.31 Then, exploiting Proposition 14.21 (as we 
may), we end the proof of Proposition 14 . 1 1 bv applying Lemma 14.51 

Proof of Proposition \41\ First part. We are going to use again the arguments in 
[24] . Recall that there exist e > 0, C > 1 so that for all good \t\ < e (with the 
same goodness parameters) and all M we have ([69]) . (|70|) . and (|7ip . in particular 
the essential spectral radius of Ct.M acting on B is not larger than Oq ^ for some 

eo > 1. 

We are going to prove ([89]) and ((90|) in Proposition 14.11 simultaneously. Fix 
{M,t) as in the statement of the proposition and let M := M in the setting of 
(|89)) (polynomial recurrence), and M := 2M in the setting of (|90p (Misiurewicz- 
Thurston). Set 

(109) Q^,-, = Q^_^(2) = z-£,,^-,. 

(If t = we remove t from the notation as usual, writing Qjq^ instead of Qq.a?-) 
We claim that there exist a small circle 7 centered at 1 and a constant C > 1 such 
that for all sufficiently large M (or equivalently |i| < e sufficiently small) we have 
the strong norm control 

(110) sup||Q,,M(z)-i||e<C, 

and the intersection of the disc bordered by 7 with the spectrum of £j j^j is 
reduced to k^j^j, which is a simple eigenvalue. To see this, we apply first |241 
Theorem 1, Corollary 1] (just like in Proposition 13. 7p to the operators C and Cm- 
Let Vr^Bo = {-z G C I |z| < 9g^ or d\st{z,a{C)) < r}. For any r > 0, wc find an 
integer Mq > 1 and a constant H > 1 such that 

(111) \\QM{z)-'\\B<n, VAf > Afo,VzeC\V;,eo• 
In particular there exists a small circle 7 centered at 1 and AIi > 1 so that the 
intersection of the disc Dj bordered by 7 with the spectrum of Cm is reduced to 
the simple eigenvalue km for all M > Mi. Then, if r is small enough, wc have 
7CC\K-,eo. 

To get (|110p , we will apply [24l Theorem 1 . Corollary 1] to the operators Cf m 

and Cm. Since we have a "moving target" (just hke in [l2]), we must be careful. 
We shall use that there are constants C > 1 and < 77 < 1/2 such that 

(112) \\iC,^,-,^CM)i,\\^,. <C\t\''\mB VV^eS. 

(We show (|112p at the end of the first part of the proof of this proposition.) The 
estimate (|112p replaces condition (5) in ^4]. Recalling (jllip . if wc assume that 
z G C \ Vr.Qg when applying the proof of [24l Theorem 1], the constant H in [24l 
Equality (13)] is bounded from above by Ji. Since all other constants are uniform 
in t and M, this implies piop . 

The uniformity claims on the renormalisation period Pt of ft and on 9t follow 
from (jllOp . using appropriate curves jj. Uniformity of Ct then follows from the 
proof of Proposition 13.71 

It remains to prove (|112p . We can use the estimates in the proof of Lemma [4751 
For 1 < fc < M + 1, set (pk = {1 — Cfc-i)^'A;-i- We have to estimate the term ([M)) . 



The renormalisation period can drop a priori, because eigenvalues ^ 1 on the unit circle 
could move inside the open unit disc by perturbation. 
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but without taking the x-derivative, since on the left hand side of (|112p . we are 
only considering the weak norm For k < A/ + 1, recah ((97|) (without the 

x-derivative). Hence, it is enough to estimate the norm of (|98p . Similarly as in 
()101|) . and using (|134|) below, note that 

||9;(^fc(/-^(x)))|U. < Cfc('-i)^||Vfc-i||vvi , for r = 0, 1 , 

where C\~^ in (|10ip is replaced by (since ?/> is not necessarily an eigen- 

vector). By ()102|) and (|105|) . and by the estimate (|104p when m — k, wc de- 
rive that ||(|98l)|| Ti is bounded from above by a constant times fc'^/^|(/'^^^)'(ci)|^/^. 
In the polynomial case, combined with the consequence (j49| of the admissible 
pair condition, this gives the bound MA^^|t|i/2||T^|jg (up to some constant) of 
the term (|96p (without the x-derivative) . In the Misiurewicz-Thurston case, for 
M + 2 < k < 2M 4- 1, wc can apply the same comments as in the last paragraph of 
the proof of Lemma [45| and we get the upper bound A^^ltl^/^lj^/iHe of the term ([96]) 
(without the x-derivative). By ([50]) and (|^5|) . we find constants C and < i? < 1/2 
such that AfA^^ < C|t|^'' which concludes the proof of (|112l) . and, hence, the proof 
of the first part of Proposition 14. II □ 



Proof of Proposition \4-l\ ' Second part. We can now use the assertions of Propo- 
sition |4]2] in order to prove (|89l) and (|90l). Denote by Pfjyj{'ip) = <Pt,M^t,M['^) 
and Pt('0) = (t'tvi'ip) the rank-one spectral projectors corresponding to the (sim- 
ple) eigenvalues j^j and 1 of Cf fj and Ct , respectively (recall Propositions 13.61 

andEH). Since Q"]-, - Q":/ = Q;}j{£tM - £m)Q^I and Q^/(0m) = we 
have 



2iTT 



ilTT Z- Kfj 



Recall that Kj^-j tends to 1 as M 00. Hence, if \t\ is sufficiently small, by (|110p . 
we find a constant C > 1 such that 

\\(i>t,M''t,M{^M) - ''Mi^M)<l>M\\l3 < C*!! (A,M " ^m)^m\\b ■ 

By Lcmma l4.51 the right hand side of this inequality is bounded (up to a constant) 
by in the polynomial case and by \t\^^^ in the Misiurewicz- 

Thurston case. Hence, it is only left to estimate the coefficients i^tui't'M) ^-nd 
), which can be done by Proposition l4.2l Recall the normalisation VM{(t>) = 1 



in Proposition Ism Since |1 - VtMi^M)] < |1 - ^^a/I^m)! + |f^M(0M) ^ f^t,A7(0A7)L 
it is sufficient to estimate 

max(|j/^7(0) - i^a7(0m)|, \vm{4)m) ~ i^j^mI'^a/)!)- 

By Proposition IB . 7l and Proposition l4.2[ the first term is bounded (up to a constant) 
by M^+^ltl-*^/^ in the polynomial case and by \t\^/'^ in the Misiurewicz-Thurston 
case. Regarding the second term (using that vt = vq), wc have 

|i^A7('^A7) - i't,A7('^A7)l < WMm) ~ Vt,j^Mj,-i)\ + |i^A/('^A7) - t'o(0A7)l 
< {\Wt - VtMh' + \Wm - t^o!lB*)ll'/'A7lle, 
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which is, by Proposition 14.21 bounded (up to a constant) by A'/^+"|t|^/^ in the 
polynomial case and by |tp/^ in the Misiurewicz-Thurston case. This concludes 
the proof of Proposition |4?T] □ 

4.3. The effect of truncation on (pt'. Proof of Proposition [4T2l To obtain 
(pri) in Proposition l4.21 we cannot apply the Keller-Liverani perturbation [21] result 
directly, because, in the weak norm of the difference between Ct and Ct_M is 
not Mr|(/M)'(ci,Or^/^ but e^'''^\{f'^)' {ci^tT^'^ (due to the A'= factor in the 
definition of the weak norm; cf. ([7T|) ). In [T^ there were other exponential losses, 
but in the polynomially recurrent case of Theorem II. 2[ we can afford to lose (at 
most) powers (which give the logarithmic factor there). In view of (|113p . and 
inspired by Baladi- Young [HI §2], which only requires to control the difference 
between the operator and its perturbation applied to the maximal eigenvector, we 
develop a variant of the Keller-Liverani argument to show Proposition 14.21 (In 
our application, the maximal eigenvectors are weighted by negative powers of A, 
which ensures that the A''' factor in the definition of the weak norm does not create 
problems.) 

Proof of Proposition \4.2\ . We shall consider t = and arbitrary M and show 

(114) max(||,^M - , \Wm - i^h-) < CM'M<^'--^^/-'\{f''y{c,)\-'/^ . 

In the polynomial case, the proof of (|?1]) for {M, t) satisfying the admissible pair 
condition pS)) then follows from and the fact that the distortion estimates in 
LemmallDhold for {M,t) so that |(/t^O'(ci,t)l is comparable to |(/^0'(ci)| (see 
inequality ([35]) ). We also use the uniformity in t oi Pt < P, and the constant 
Ct < C in Proposition 13.71 given by Proposition 14.11 In particular, it follows from 
the uniform bounds on Pt and Ct and the proof of Proposition [377l that the distance 
between a{Ct^Ai) \ nt.M and the point z = 1 is bounded away from zero, uniformly 
in AI and t. 

In the Misiurewicz-Thurston case, we consider {N, t) admissible, and take M = 
2N (with a = /3 = 0) in (|114p . Therefore, there is a constant C such that 

\\k2N - $th^^ < c{2Nnfrnc,,t)\-'/' < c'{2Nm^^~^y{c^r'/'\t\'/' , 

where in the last inequality we used ^ for a = = /3. Since |(/^^"^)'(cAr)|"^/^ 
is bounded from above by a constant times A~^/^ by ([8T|) . this gives ([92)) . 
We start with some preliminary bounds. Set 

TM = tm{X) = A^^M("-«/^|(rO'(ci)ri/2 

(recalling that a = /3 = in the Misiurewicz-Thurston case). Let (fit be the fixed 
point of Ct. Clearly, there exists C > 1, which by Proposition 13.61 depends only on 
the goodnesf0 of t (once S, /3, L, and A are fixed), such that for all good t close 
enough to 

(115) ||<^t,fc|lL- < A-^|j0t,o||L- < CX-'^WMl^ ■ 



^'^In Theorem 11.71 we cannot afford to lose a logarithmic factor, however in this setting we have 
the flexibility of using a cutting time a bit higher than M in I I92I I. 

^^C. Liverani has explained to us a simpler but less general variant, which would give a slightly 
better bound, where r| logrp after l|122| l would be replaced by t\ logr|. This would however not 
improve our final statement and it only applies to the mixing case. 

^^Note that uniformity in the goodness holds. 
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In the polynomial case, injecting (|115p into ([72]) for if; = (j)t, we get 

(116) ii(id-rM)0t||g.i <ca-*Vm. 

In the Misiurewicz-Thurston case, injecting (|115p into ((86|) for ip = (t>t, from ([22]) 
and pTS]) . we derive, for any p > 1 

(117) ||(id - TaSiWb^- < CX-^'tm ■ 

Next, using again the fact that cjjt is the fixed point, we derive (recalling Re- 
mark [SH and ([79])) 

(118) Ut.M+kWwi = ^~^'Uk',t<f>t,k\\wi = x-^'\\ek',t<f>t,k+^k',t^t,k'\\L^ 

< A-^^(2sup|0fe| + Ut.k'h^) < 3X-^'Ut,k\\wl , 

where k' < M + k is maximal such that £^k',t ^ 1- (Regarding the use of Remark 1 3. 5 1 
and ([79]) . observe that in the proof of Lemma l3.8( property (|79|) is only guaranteed 
for the functionms Cfc,o, i-e., when t = 0. However, it is straightforward to adapt 
the construction behind (|79p so that this property holds for all good t sufRciently 
close to 0.) Hence, we get 

(119) UCt.M - £t){M\B < cx-'^Uth ■ 

(The estimate for the level gives much smaller contributions.) 

Set ||.|| := ll-llgwi- a-iid let |.| := in the polynomial case, and |.| :~ 

ll-llgLP in the Misiurewicz-Thurston case. We now move to the main part of the 
proof. For 9o > 1 given by Proposition [3]6l set Ce = 1/Iog0o, which implies that 
Q-Ce iog(i/rA/) ^ ^^^^ Proposition 13. 7| for all large enough A/, the circle 7m 
centered at 1 an 

'43 

of radius 

loglog(l/rA/) 
Ce log(l/TM) 

contains exactly one (simple) eigenvalue of C (at z = 1) and one (simple) eigenvalue 
of Cm (at z ~ hm). Recall that and v arc normalised so that i'm{4>) = i^((/>) = 1. 
Since Q~^(0) = we have, like in (|113p . 

(120) (Pm -r){4>)^4>M-4>^-^ I ^^(^A/ - cm dz . 

Then, for n > 1 to be chosen later, inspired by [53], see also [M] p. 147], we write 

Q^/(z) ^{z^ CmV^Vm + {z- £M)~'(id - Pa/) 

F """^ 

(121) = + z-"Ql/(z)(id - VM)dli + E ^"'"'(id - Pm)4/ • 

Z — KJ\J . 

3=0 

Recalling the spectral observation made after (|114l) . Proposition l3 . 7l implics that the 
distance between z g 7m and km is > (log log(l/TAf )/(2Ce log(l/rM)), while the 
distance between z g 7^/ and the rest of the spectrum of Cm is bounded from below 



l^Use that log(l/<5) < l/<5 for small 5 > 0. 
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uniformly in M . Therefore, for z e 77\/, recalling (|119p . the Lasota-Yorke estimate 
(|69| and the uniform weak- norm bounds (|70|) and (f84| (using also \Cm\ < \C\) give 

\QM\zKCM-m 

1 



< 



Km 



-¥M{{CM^cm)\ + |^|-"||Q^/(z)(id-PM)||||/:'i,(/:M 



< 



KM 



c 



'\ci,{CM-cm\ 



log log(l/rM) 



Ce log(l /tm 

n-1 



E 

J=0 



1 



e„"||(/:M-/:)(0)||+q(/:M-/:)(0)| 

loglog(l/TM^ "■'"^ 



Celog(l/TA/) 



A 



Celogjl /tm) 

loglog(l/TA/) 



c 



1 - 



loglog(l/TM) 



A-'^^(eo" + 2TM). 



Cel0g(l/TM) 

(We used that |ft,M(V')l ^ uniformly in t and M, from Proposition 13.71 ) 

Then, taking n = Cg log(l/rjv/), and using lim„_j.oo(l — a^/n)^" = e^, we find 
C > 1 such that for any z G jm 

(122) |Q^/(z)(£m - ^)<^| < CCeX-'^TM log(l/rM) • 



Multiplying by |z — 1| 



< 



log(l/raf ) 



r, and applying (|120p . we have shown that 



log log(l/rM) ' 

|(Pm-P)(<^)| < CA-'^^llogTMprM/lloglogTMl. 
We have proved 

" ' < A-^^llogTMpTM <CAf2A/("-«/2|(/^0'(ci)r^/^ 



(123) 



|</>A/ - 



We can apply the same argument to the dual operators and C* , up to exchang- 
ing the role of the weak and the strong norm. Then, just like after ((75|). specialising 
to fi = we get, in the polynomial case, (|114p . and thus (|9T|) of Proposition 14.21 
The Misiurewicz-Thurston case is parallel. □ 

5. Whitney-Holder lower bounds in the Misiurewicz-Thurston case 

— Proof of Theorem 11.71 



To prove Theorem 11.71 using the decomposition (|88p , wc shall combine the 
version of the Misiurewicz-Thurston upper bounds in Propositions 14.11 and 14 . 21 with 
the following statement (the proof of which is to be found in Section 15. ip : 

Proposition 5.1 (Upper and lower bounds on spike displacement in the Misi- 
urewicz-Thurston case) . // / = /o is transversal, mixing, and Misiurewicz-Thurs- 
ton, then, recalling the set A^/t from Lemma \3.9\ there exists a constant C > 1 
such that for each sufficiently small D > and each admissible pair {M,t), where 
M is sufficiently large and t e ^mt, the following holds. There is Au ^ C°°{I), 
such that |j A£)||^<j(7) < 2D^^^, for all q > 1, and 

C-'\t\'/^< [ AD{x){Ilt-Tl){hM)i^)dx <C\t\'^\ 
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where (j>2M is the maximal eigenvector of C2M from Proposition \3.7\ (see Sec- 
tionlKE). 



Proof of Theorem \1.7\ Let p > 1. Fix 1 < p < P^^, and let 1 < g < 00 be such 
that p^^ + = 1- By Lemma 13.31 and the Holder inequahty, there is a constant 
C = C{p,p) > 1 such that 

(124) \J^A{x)nS){x)dx\<C\\A\\L,(^ij\mB^p, VV-eSf. 

By the decomposition ([55)1 (replacing M by 2M), the estimates ([TO]) in Proposi- 
tion 14.11 and in Proposition 14.21 combined with (|124[) , and Proposition 15.11 we 
conchide that there is a constant C > 1 and, for each sufficiently small Z3 > 0, a 
C°° function Ajj satisfying 

ADix)(l}tix) dx ~ [ AD{x)(l)ix) dx >C-^\t\^^^ -2CD^^^\t\^/^ , 
I J I 

for all t G Amt sufficiently close to 0. Since the constant C docs not depend on Z?, 

this implies the lower bound in Theorem 11.71 

The upper bound in Proposition 15.11 and the same reasoning as for the lower 

bound give | Aocj^t dx - Jj AD(l)dx\ < C\t\^^'^ + CD'^/^\t\^/'^ , and thus the upper 

bound in Theorem 11.71 □ 

5.1. Proof of Proposition l5.ll We shall need the following property of the eigen- 
vector (pj^j of the truncated operator Cf^i- 

Lemma 5.2 (Lower bound for truncated maximal eigenvectors). Let f he a Mi- 
siurewicz- Thurston map. Then there exist a neighbourhood V of c and constants 
Mq > 1 and Ci > 1 such that 

inf (l)Mfiix) > Cf 1 , for all M > Mq. 

Proof of Lemma \5.8l Since the density (j) of the absolutely continuous probability 
measure is away from the (finite) postcritical orbit of /, we find an interval 
J such that G and inf j > 0. By ergodicity of / on the support of 
the absolutely continuous probability measure, there exists £ > such that c lies 
in the interior of f^{J) (we use that c lies in the interior of the support of the 
absolutely continuous probability measure). Thus, using (£^(/))(c) = 0(c), we find 
a neighbourhood V around c such that vcdx^v > 0- Since </> = n(0), and the 
union over fc > 1 of the supports of (j)k ° f±^ is disjoint from a neighbourhood of 
c, this implies mix^v 4'o{^) > 0? up to shrinking V. We conclude by using that 
G Wl converges to (^0 in the L^ topology, and supjQ- ||i9a;</'M,o(^)IU°° < 00. □ 



Proof of the lower hound in Provosition \5.1\ (simplest case). As a warmup, we con- 
sider the case where / has the kneading sequence RLLR°° , i.e., the critical point 
is mapped after 4 iterations to the fixed point C4 at the right hand side. This 
is the simplest possible combinatorics. (If the critical point were mapped after 3 
iterations into the fixed point at the right hand side, the map / would be renormal- 
isablc which is excluded by assumption. In fact, in this case the renormalisation 
of / would be conjugated to the Ulam-von Neumann map which is an obstruction 
to construct the set Amt in Lemma [3.9( see also remark below Theorem 11.71 ) In 
order to have a good mental picture, note that for / with the combinatorics as 
above the construction of the set Amt in the proof of Lemma l3Jl could be done so 



44 VIVIANE BALADI, MICHAEL BENEDICKS, AND DANIEL SCHNELLMANN 

that, for ah t G Amt, the Misiurewicz-Thurston map ft has the kneading sequence 
RLLR...RLR°° (where the middle block of i?'s has odd length). In other words the 
fourth iteration c^^t lies close to the fixed point of ft, where we repel until we are 
mapped to the left of c, whereafter we are immediately mapped to the fixed point 
of /t. 

The observable which will give us a lower bound is concentrated around the fixed 
point C4 of /. For D > small, \ci Ao S C°°([0, 1]) satisfy the following properties. 

• supp(Ai3) C [c4 - £», C4 + D] and < D^^; 

• is monotonously increasing in [C4 — D, C4] and monotonously decreasing 
in [c4, C4 + £>]; 

• Ad{x) > l/3if [ci- D/2,Ci + D/2]. 

It follows immediately from the construction that |1^d|1l9(/) < 2D^/^, for all 
q> 1. Let {M,t) be an admissible pair with \t\ sufficiently small. For simplicity 
assume that holds for all 4 < fc < M . This is for example the case when ft 
is the logistic family ([2]) (and / is the map in this family with kneading sequence 
RLLR°°). This assumption implies that the assertion below (|82|) in Lemma [3.91 is 
satisfied for all 4 < fc < M (this follows immediately from the proof of Lemma [STQ)) . 

Recall the definition (|56)) for lit and 11 = IIq. By definition, 02 a/ is supported in 
levels fc < 2AI. We consider first the terms which come from levels of the tower not 
higher than M (they will give the dominant term for the lower bound) , and we show 
at the end of the argument that the levels between M + 1 and 2M give a smaller 
contribution. Since the observable is concentrated around C4, we only have to 
consider iterations 4 < fc < M. Recall that, by Lemma 13. 9[ the iterates Ck,t and 
Ck are either both local maxima or both local minima for fj^ and f'^, respectively 
(observe that this is only true if fc < M). 

Consider first the case when both are local maxima and focus on the branch 
Z^'^. By a simple change of variables, we obtain 

Jo \{f'nf+'{x))\ Jo \{fn'{ft:tm 

= A^-^ (Aoi fix)) - AD{fH^)))4>2MMx)dx . 

The assertion just after (|82p in Lemma [3.91 implies that ft{x) < f^{x) < C4, for 
X € supp((/)2M,fe)(C Jfc), and since A^ is monotonously increasing to the left of C4, it 
follows that the integrand in the right hand side of (|125p is everywhere nonnegative. 
Recall the constant Ca in the admissible pair condition P5|) . For < D <C let 
M = M (D) > 4 be minimal such that 

|c4-Cj^y^tl >D. 

By the mean value theorem, ([37]) . the transversality estimate ([38)) . ((35)) . (|8T)) (for 
t = 0), and the admissibility condition ((48)) . we derive that M exists and M < M. 
(Observe that M — M is of the order | log D\; we shall not need this fact.) We claim 
that there is a constant C > 1 so that 

c-'\if^-'yic,m<\c,-cjijj<cD. 

Indeed, we can argue similarly as just above. By the mean value theorem the 
inequality on the left hand side follows by transversality estimate ((55)1, while the 
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inequality on the right hand side follows essentially from the minimality of M. We 
derive that 

(126) |(/'^"')'(ci)r'/' > C-ii?-i/2|i|i/2 

Since the sizes of the levels Ek of the tower for / arc uniformly bounded away 
from 0, we can choose D so small so that 4'2M,k ° f±''\[ci-D,ci] = A~'^K2m('/'2A/,o ° 
f±''), for all k < 2M. Hence, by Lemma \5l2[ we derive that 

'^2M m(/±'^(^)) > A-^'^^ci.Cfl > \-''C-'C^' , Vx e [C4 - i?, C4] , 



where in the last inequality we used (|68p combined with the last claim of Proposi- 
tion OJ Observe that, by (gB]) and we have 

\f~^{[c,-D/2,c,])\ > C-i/D72|(/^-^)'(ci)ri/^ >C-22-V2|i|i/2. 



+ 

By the definition of M, it follows that AD{f^ \x)) = 0, for all x E supp(02^_f j^), 

while A£,(/^^(.t)) > 1/3, for xG /+^^([c4-L'/2, C4]). Therefore, there is a constant 
C* > 1, so that the following lower bound for (|125p holds when k = M: 



(127) X'' I An{f'H^m2MMi^)d^>^" ~ o '/'2M m(^) 

■y/+''([c4--D/2x4]) 

>C"i|i|i/2. 



Observe that the constant C does not depend on D by our choice of M. 

If we consider the branches fz'', or the case when Ck^t and Ck are both local 
minima for and f'', respectively, then we derive, similarly as above, that the 
term corresponding to (|125p is still nonnegative, for all 4 < fc < M. 

It remains to show that the terms corresponding to Af < k < 2M can be 
neglected. RecaU that sup |(/)2A/,fc| < A"*^ sup |02j\f,o| < C\~'^ (see Proposition 13.71 
and Section l3.3p . We can estimate each term separately, and wc get 

(128) / AD{x){Iit - n)(id - TM){4>2M){x)dx 



I 



2M 

<2C V \\Ad\\l-- maii \supp{{Ado f^) ■ (j)2M.k)\- 
^ se{o,i} 



Since, by (|T9|) and ((82|) (note that we use the Misiurewicz-Thurston assumption 
here), |supp((y4.£) o /|^) • (^2M.k)\ is not larger than a constant multiple of D^l"^ t^^^l"^ ^ 
wc derive that (|128p is bounded from above by a constant times -D"'^^^|(/^^)'(ci)|^^/^ 
which is in turn, by P^j) . bounded from above by a constant C > 1 times Z?^/^|<|^/^. 
Hence, for D sufficiently small, we conclude from (|128p and (|127p that 

Az5(a;)(nt - H)(^2A/)(a;)da; > - CD^I^\t\^l^ > C-'\t\-'/^ /2 , 



I 

whenever |t| is sufficiently small. □ 

Proof of Proposition \5.1\ ( general case). The first and main part of the proof is ded- 
icated to the lower bound, the upper bound is given at the end of the proof. 
Fix a periodic point Cj in the postcritical orbit of / and, for D > Q small, let 
Ao & C°°([0, 1]) satisfy the following properties: 

• supp(Ad) C [cj - D,Cj+D] and < 
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• Ad is monotonously increasing in [cj ~ D,Cj] and monotonously decreasing 
in [cj,Cj +D]; 

• Ad{x) > 1/3 if X e [cj ~ D/2,Cj+D/2]. 

The construction immediately implies ^ 2D^/^. Let (M, be an 

admissible pair such that \t\ is sufficiently small. We can assume that 1 < j < M . 
As in the argument for the simplest case, we consider only the terms which come 
from levels of the tower not higher than M (the terms coming from levels between 
M and 2M can be handled just like around (|128|) above). Since the observable 
Ad is concentrated around Cj, and since, by the admissible pair condition (j48l) . Ck,t 
stays very close to Cfc, for 1 < fc < M, by possibly increasing the constant Ca in 
the admissible pair condition, we have only to consider iterations 1 < k < M when 
Cfc = Cj (i.e., if Cfc 7^ Cj we shall have no contributions). Given such an iteration 
k, note that, by the admissible pair condition, Ck^t and cu are either both local 
maxima or both local minima for f^ and /'"', respectively (observe that this is only 
true if fc < M). Consider first the case when both are local maxima and focus on 
the branch Z^*". Recah (|T25|) . If H{5) < k < M then, by Lemma \3M we have 
ff{x) < f^{x) < Cj, for X G supp(02Af,fc), and since Ad is monotonously increasing 
to the left of Cj, it follows that the integrand in the right hand side of (|125p is 
nonnegative. For each D > sufficiently small let M = M{D) be minimal such 
that 

Cm = Cj and |cjj - cjj J > . 

The admissible pair condition ensures that M < M (as in the simplest case), and 
we can assume that M is large enough (making \t\ smaller) so that M > H{5). (In 
fact, M — M is of the order | logDj.) Let £o be the period of Cj. By the mean value 
theorem and by ^\ and ([38]) combined with the fact that |(//°)'(c^_f ^)\ ^ A^" 
(see (|81]) and (|82|) ). we find a constant C such that 

I Cm - Cm,* I < C\c^^_,^ - c^_,^_J < CD , 

where the last inequality follows from the minimality of M. By the transversality 
estimate (|38l) . we have that \cj^ — cj^ ^\ is bounded from below by a constant times 

|(/^~"'^)'(ci)||i|. Hence, we find a constant C > 1 such that 

(129) \{f^'^)'{ci)\~^'^ > C-iZ?-i/2|^|i/2 _ 

By Lemma [331 and the definition of M, it follows immediately that AD{ft \x)) = 0, 
for all x G supp(02j,^ j^). Since the sizes of the levels of the tower for / are 
uniformly bounded away from 0, we can choose D so small so that 

(130) 02M,fc o f±%c,-D.c,] = \~''4m<I>2M,o o VI < fc < 2M. 

By Lemma 15. 2[ if M in the admissible pair (A/, t) is sufficiently large, it follows 
that 
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Thus, by possibly slightly increasing the constant C > 1, by the construction of 
Ajj, we get the following lower bound for (|125|) when k = M: 

Jc ' J f-"([c,-D/2,c,]) -3 

where in the last inequality we used the lower bounds (jl29p and ((68|) . Observe that 
the constant C does not depend on D. 

Next, consider the case when Ck^t and Ck are both local minima for and f'^, 
respectively (and 1 < fc < M satisfies c^. = Cj). By a similar reasoning as above, we 
see that ((T25)) is nonnegative, for all H{6) < k < M, and we find H{S) < M < M 
such that (jl25p . when k ~ M, is bounded from below by a constant (independent 
on D) times \t\^^^- If we consider the branches fz'^ then, we see that the terms 
corresponding to p25|) are still nonnegative for all H{S) < k < M . 

For the lower bound, it only remains to show that the terms corresponding to 
< A; < H{5) can be neglected. For < A: < H{5), we see immediately that the 
absolute values of (|125p arc bounded from above by a constant times 

(131) A''||A'£|||loo|c/c - CA;,t I II 02A/,fc II L°° I Usg{o,t} SUpp(A_D o f^(l)2M,k)\ 

<CA^(^)/2||02,,^o|U^i?-V2|i|. 

Hence, if |i| is sufficiently small, the terms corresponding to < k < H{S) can be 
neglected. 

Regarding the upper bound in Proposition lS.ll we need only to consider the terms 
when H{S) < k < M. For H{d) < k < M, doing a similar estimate as in p3ip . we 
derive that the absolute values of (|125p arc bounded from above by a constant times 
i:)-i/2Afc/2|i|. Thus, by and dSJ), the sum of these terms is bounded above 

by a constant times |t|^/^. If M < k < M (and c^. = cj), then only the first term on 
the left hand side of p25p is non-zero. As in the estimate (|128p . the sum over these 
terms can be estimated from above by a constant times t^~^^l'^D^I'^ h!^^^-^^!"^ . By 
the definitions of M and M, we see that DK^^~^^ is bounded from above by a 
constant. Thus, the contribution of these last terms is also of the order |t|^/^. □ 

Appendix A. Proof of the key estimate Proposition 12.41 

In order to prove Proposition [5111 we recall useful notations from [12] needed to 
show variants of tower estimates in [12]. Let ft be a good map, and let ft be the 
associated tower map as defined in § 12.21 To simplify the writing we assume t = 
and remove t from the notation. For each a; G / we define inductively an infinite 
non decreasing sequence 

- Sa{x) < Ti{x) <Si{x)<---< S,{x) < T,+i{x) < S,+i{x) < . . . , 

with Si{x) and Ti{x) e NU {oo} as follows: Put To{x) = Sa{x) = for every 
X € I. Let i > 1 and assume recursively that Sj{x) and Tj[x) have been defined 
for J < i — 1. Then, we set (as usual, we put inf = oo) 

T,{x)^xni{j>S,.i{x) I \f\x)\<5}. 
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If Ti{x) = OO for some i > 1, then we set Si{x) = oo. Otherwise, either f'^'^^'>{x) = 
c, and then we put Si{x) = oo, or /-^'^^'(x) e Ij for some j > H{6), and we put 
Si{x) = T^{x) + j. 

Note that if Ti{x) < oo for some i > 1 then 

fix, 0)(^Eo, T,{x) + 1 < J < S,{x) - 1 , 

f\x,Q)&Eo,S,.i{x)<l<T,{x). 

If Tig{x) = oo for io > 1, minimal with this property, then f^{x,0) E Eq for all 
£ > Si„-i (that is, \ fix)\ > 5 for ah i > S^^-i). 

In other words, Ti is the beginning of the i-th bound period and S'i — 1 is the end 
of the i-th bound period, and if Si < T^+i then Si is the beginning of the i + 1-th 
free period (which ends when the i + 1-th bound period starts) . 

For consistency, we also set 5^ — = if Si = Ti = oo, and T,; — Si-i = if 
Si-\ = Ti = oo, and, for all a: G /, we put [f°°)'{x) := oo and f°°{x) := ci. 

The following lemma gives expansion at the end of the free period Ti — 1 (just 
before climbing the tower), at the end — 1 of the bound period (after falling from 
the tower), and during the free period (when staying at level zero). 

Lemma A.l (Tower expansion for good maps). Let f be a {Xc, HQ)-CoUet-Eck- 
mann map, polynomially recurrent of exponent a > for the same Hq . For every 
small enough Sq > 0, if S < Sq, p> 1, and Co are so that ([7]) and hold, letting 
Si{x) and Ti{x) be the times associated to the tower for 5 and L, then 

(132) |(/^'(^))'(a:)| >p^'(^), |(/^'(^))'(x)| >Cop^'(^), Va;G/,V*>0, 
and 

|(/^'(-)+^)'(x)| > Co<5p-^-("V , Vx e / , > 0, VO < J < r,+i(x) - S,{x) . 

Proof of Lemma \A.l\ Choose (5o > small enough so that H{S), for all (5 < (5o, is 
large enough so that 

(133) Co-^^r^/'X^ >f^ , yj>Hi6), 

where C is the constant in ([T9|. The rest of the proof is exactly like for [T2l 
Lemma 3.5], we recall it for the convenience of the reader: Let x G /. For any £> 1, 
the definitions imply fSi-i{x)+k^^^ ^ j \ aU < /e < Ti{x) - Se-i{x) 

and f^^'-'^Hx) e Ij with j = Si{x) - Ti{x) > H{S). Therefore, (HI]), combined with 
(fT33l) . and © give for alH > 

\if'Yi^)\ = fl |(/^^(^^)-^'("))'(/^^(^)x)||(/^^(^)-^^"^(^))'(/^'-i(^)x)| > p^'(-) , 

and 

|(/^')'(a;)| = |(/^'(^)-5'-i(-))'(/5-i(-)x)||(/^')'(a;)| > CoP^'^'^-^'^'V^"^"^ • 
Using in addition ([7]), we get, for < j < Ti+i(x) — Si{x), 

i(/^'(-)+^)'(x)i = \{fn'{f'^''\mif'n^)\ > Cov/-^^^ 

□ 



'Bound period refers to the fact that the orbit is bound to the postcritical orbit. 
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Proof of Proposition \2.4\ This proof is very similar to that of \12\ Proposition 3.7], 
we give it for the convenience of the reader. Fix j > I. Since the summands are 
all positive, we may (and shall) group them in a convenient way, using the times 
Ti := Ti{cj+i) and Si := Si{cj+i) for a small enough 6. We have 

oo ^ 

where we use the notation Un{y) = X]"=i \(f'^)'(y) \ • (^'^ particular uq = 0.) Since 
- S^^ ri(/^'(cj+i)). Lemma ED implies 

(in particular the series converges if n = Ti+i — Si ~ oo). Since /"(c) 7^ 0, the 
polynomial recurrence assumption ([5]) implies for all i 

l/'a^'-fe+i))! = \f'{f'^\cr))\ > C-\T,+j)-" . 

Therefore, the bounded distortion estimate (IT5|) in the proof of Lemma 12.31 gives, 
together with the CoUct-Eckmann assumption, [_] 

\ °° C 

us^-rAf^ic,,.)) < |/^(/r,(,^.,,))|EK77M - (T^^^' ■ 

By Lemma[Xl]wc have |(/^*)'(cj+i)| > P^' and |(/^')'(cj+i)| > Cop^'. There- 
fore, there exists constants Ci, C2 so that 



CO r CXD 00 



□ 

Appendix B. Spectral properties of the transfer operators Ct 



1=0 i=l 



Recall that /( is assumed good. We prove Proposition [ 

Proof. Let c{5) be as in ([7]). For & B, our assumptions on the ensure that 
{C{il}))k S Wl for all fc > 1, with (£(V'))fc supported in the desired interval, and 
that (i2('!/'))o is supported in the desired interval. 

Note that for any interval U (not necessarily containing the support of ipj ) , using 
the Sobolev embedding, 

(134) sup IV, I < min(C||V^|Ui, / W,\dx + \U\-' [ \^p,\dx) . 

u Ju Ju 

Since is unimodal if it is not = 1, for each i > 1 there exist vi > U{ in Bi so 
that, setting = {x e supp('i/'j) | x < ug} U {x G swpplipi) \ x > w^}, 

(135) f \^'^^,\dx= f CilHdx- [ Ce\Hdx<2snp\iPe\ 



l''The constant C above depends on [supi<j^^jj ^c/|(P)'{ci)|^/^]^o. By Proposition[2TTl this 
expression is uniform for suitable families ft- 
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Therefore, for all fc > 1, using also (|134p . 

(136) \\{Cm',\\L^<—ULi\\L^- 
More generally, for 1 < n < k, 

(137) \\iC"m',\\L^<^ULn\\L^- 

If \My)\ > then \P{y) - c,| < r^/i for ah j < k. If Uf±^''^'\x)) < 1 
then \x — Ck+i\ > L''^{k + Thus, changmg variables in the integrals, using 

([nS)) for the terms involving for A: > 0, and recalling (HH), (gOl), (Ull) and ([HT]) 
from Lemma [231 and its proof, we see that {C{tp))o belongs to and 

(138) ii(£(v^));,iili < cc{sr\Wo\\L^ + wml^ + ^^pIM 

;^fe^l+2a+,3/2 

+ C' E F7ITTy7TYn72(ll^'fell^^+«^Pl^^l + IIV'^lliO- 

In view of ((5(1)) and (|134p . we have proved that £ is bounded on B. 

Observe that ^{ip) = J2k Ib^ \i^k{x)\w{x,k) dx is finite if G 6: Indeed, Vfc 
is supported in Jk which decays exponentially according to (|22)) . and we may use 



1 /2 

the bound X < Xc' from dSOl). So is an element of the dual of B. The fact 



that £* (i/) = 1/ can easily be proved using the change of variables formula (see [T2j 
(85)]). Note for further use that C*{i') = implies 

(139) ^.(|£~(v3)|)<K^^(|^|)) = :^(|Vi|). 

Furthermore, note that i^(|'0|) = ll^'llg-f-i- 

We next estimate the spectral and essential spectral radii of C on B. Using (|135p 
and the overlap control of fuzzy intervals (see Remark 13.51) , it is not very difficult 
(this may be done exactly like in Appendix B of |12j . since our overlap control is 
in fact much better) to adapt the proof of [13l Sublemma in Section 4] to show 
inductively that for any Q < Qq, there exists C, and for all n there exists C(n), so 
that 

(140) \\{C-{i')yo{x)hr^j) < CQ-Mb + C(n)|lV'IUz,i . 

Recalling (|137p . and using (|139p . up to slightly decreasing Q, one then finds C so 
that for all n > 1 (see the proof of [13l Variation Lemma in Section 4]) 

(141) W^'^miB < ce-^^MB + c'liv^lle^i . 

Since ((52l) . ((22l) . and ((50l) imply that the length of the support of tpk is (much) 
smaller than A^^fe^ fl^^^j Mb^' - Mb^' + for all M > 1 (we 

used again the Sobolev embedding to estimate the supremum by the norm). 

Finally, since Rellich-Kondrachov implies that B^^ is compactly included in 
B^ (the total length is bounded, even up to A'^'-expansion at kevcl fc, by (HH)), the 
Lasota-Yorke estimate (jl4ip together with Hcnnion's theorem [5^ give the claimed 
bound on essential spectral radius of £ on S = B^^ . This ends the proof of the 
claims on the essential spectral radius in Proposition [ 

We now describe the eigenvalues of modulus 1: 
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The bound ()14ip implies that the spectral radius of £ on S is at most one, 
and thus equal to one (since the essential spectral radius is strictly smaller than 
one while 1 is an eigenvalue of the dual operator). Since Ct is a nonnegative 
operator with spectral radius equal to 1 and essential spectral radius strictly smaller 
than 1, classical results of Karlin [211 PP- 933-935, Thm 27] (using for K, the 
lattice of continuous functions, with ipi > ■02 if ''Pi,k{x) > ip2,k{x) for all x and fc), 
imply that its eigenvalues of modulus one are a finite set of roots of unity e^'-''^/^, 
J ' = 0, . . . , P — 1 for some P > 1. In addition, the eigenfunctions for the eigenvalue 
1 are nonnegative. If is a (nonnegative) fixed point normalised by v{4>) ~ 1, we 
have Jj(j>dx = Jjll{(l))dx = 1. Recalling (|62|) . we get that £(11(0)) = 0, so that 
n(0) S is indeed the invariant density of /. Since this density is unique and 
ergodic, the eigenvalue at 1 is simple, and therefore also the eigenvalues of modulus 
1 are also simple. If ft is mixing, then /j is ergodic for all j > 1, so the only 
eigenvalue of modulus one is 1. Otherwise, let Pt > 2 be the renormalisation period 
and let 0j,t and vj.t be the eigenvectors of Ct and Ct, respectively for e^'-''^/^*. 
It is not difficult to check that maxj ||0j,t||gH'i a-nd maxj ||^'j",t||(gi,i-). arc bounded 
uniformly in t (using for example the special structure of maximal eigenvectors of 
a positive operator |2T1 p. 933-934]). 

It only remains to show that 0o G if / is C^. For this, take -0 so that 0^ = 
for all fc > 1 and 0^0 is C°° , of Lebcsguc average 1 (we can even take 010 constant 
in a neighbourhood of [c2, Ci]), and use that 



(142) ^E'^"W 



converges to in the norm as n — oo. We claim that || (£"(0))o||vFf ^ for 
all n. Adapting the proof of ([2T|) . one shows 



sup 



< c 



|(/fc-iy(c,)|i/2 



if a > 1 and /S < 2a. Then, in view of ([S]), one can exploit (in addition to the 
properties already used in the proof of the Lasota-Yorke estimates for the norm 
in Proposition 13. 6p the properties (|6ip of ^^f, to adapt (152) in [121 Appendix 
B] (noting also that ip\uj = if the interval w is in some level Ek with k > 0). Note 
that p35p is not needed, since we only look at the component of C'^i'tp) at level 
0. Details are straightforward and left to the reader. To conclude, use that if a 
sequence converging to 0o in (/) has bounded (/) norms, then 0o € Wi (/) 
by RcUich-Kondrachov (using again). □ 
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